
Dark Matter Lecture Course Prof. Dr. Felix Kahlhoefer

Problem set 10

Tutorial: 4 July 2018, 12:15

Problem 22: Axion electrodynamics

The Lagrangian of the electromagnetic field, L = −1
4F

µνFµν , yields the equations of
motion

∂µF
µν = 0 (1)

in the absence of charged matter. The field strength tensor can be expressed in terms of E-
and B-fields as

Fµν =


0 −E

ET −εijkBk

 . (2)

a) By considering ν = 0 and ν = (1, 2, 3), show that these equations of motion are equivalent
to two of the Maxwell equations in vacuum.

In the presence of an axion, the equations of motion become

∂µF
µν + gaγ(∂µa)F̃

µν = 0 (3)

where F̃µν is the dual field strength tensor

Fµν =


0 −B

BT εijkEk

 . (4)

b) Derive the resulting modified Maxwell equations of axion electrodynamics.

Consider an axion travelling along the x-axis, a = a0 cos(ωt−kx), in a constant magentic
field pointing in the z-direction, B = B0 ez.

c) Show that the modified Maxwell equations are not satisfied unless the axion creates an
E-field.

d) In what direction does this E-field point? How about the Poynting vector S = E×B?

e) Optional: Derive the equations of motion stated above using the Euler-Lagrange equa-
tions.
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Problem 23: Axion-photon conversion

While the conversion of an axion into a photon conserves energy (i.e. Eγ = Ea), it does not
need to conserve momentum, because the transverse magnetic field can provide the necessary
momentum transfer q = pγ − pa 6= 0. However, axion-photon conversion is efficient only as
long as q l < 1, where q = |q| and l is the length of the magnetized volume.

a) Derive an expression for q in the limit ma � Ea.

Let us now assume now that the axion does not travel in vacuum, but in a gas with
electron density ne. The photon then obtains the effective plasma mass

m2
γ =

4παne
me

. (5)

b) Find the resulting expression for the momentum transfer q. How does this change the
probability for axion-photon conversion?

c) How can this effect be used to increase the range of axion masses that can be explored
experimentally?
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