EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

CERN-PPE/94-44
March 14, 1994

TheRatio R of Hadronic and Electronic Z Widths
and the Strong Coupling Constant a

Thomas Hebbeker, CERN, PPE Division, Geneva, Switzerland
Manel Martinez, Institut de Fisicad’ Altes Energies, Barcelona, Spain
Giampiero Passarino, Dipartimento di Fisica Teorica, Universitadi Torino and INFN Sezione
di Torino, Torino, Italy
Gunter Quast, Universitat Mainz, Mainz, Germany

Abstract

We review the relation between the ratio of hadronic and electronic Z widths, R =
I'(Z — qq)/T(Z — e*e™), and the strong coupling constant at the Z mass, a,. The
theoretical uncertainty of o, derived from R is estimated to be

Aa, = £0.002 (electroweak) £ 0.002 (QCD) T300% (Miop, MHiges) -

(submitted to Physics Letters B)



Introduction

One of the most important quantities measured by the LEP experiments is R, defined
as the ratio of the hadronic and the electronic partial widths of the Z boson. Perhaps the main
reason for considering this ratio is that the QCD correction on R can be calculated without
specific knowledge about the hadronization mechanism and therefore R is supposed to allow a
determination of the strong coupling constant a(mz) with very small theoretical uncertainties.
The main goal of this paper isto give an estimate of the actual size of these uncertainties. In
addition, we try to cast the relation between R and «, into a ssimple form, which includes &l
the recently calculated electroweak and QCD corrections, including the mass effects. We make
use of three independent analytical programs, BHM [1], TOPAZO [2] and ZFITTER [3], to
calculate and cross check our results. Since there are different ways of implementing radiative
corrections, i.e. different renormalization schemes or different implementations of higher order
corrections, we have carefully analyzed the corresponding theoretical uncertainties. Relations
for the o, dependence of R have first been giveninref. [4] and morerecently inref. [5], whilein
ref. [6] the relation between «, and the masses of the top and Higgs particlesis given in tabular
form for afixed value of R. We point out that these previous publications do not include al the
electroweak and strong corrections as they are known today.

Definitions
R isdefined as theratio of the hadronic and electronic partial Z widths,

R = T(Z — q@)/T(Z — e*e”) = Ty/T. . ()

I', denotesthe partial Z widthinto hadronsresulting fromaprimarily produced qq pair, including
all five allowed flavours. Note that its value is dightly smaller than

r
R=T,/T1=3 —-*— =1.0007 R @)
4 T.+T,+T,

due to the masses of the i and in particular of the = lepton [7, 8].
Of interest isalso theratio

r, = T(Z — bb)/T(Z — qq) = Tp/T, ©)

where I', denotes the partial Z width into hadrons resulting from a primarily produced bb pair.
The decay width to bb differs from the decay width into dd because of non-universal weak
corrections given by the Z — bb vertex, which involves the b-t mass splitting, and because of
the non-negligible b-quark mass effects. The peculiar top mass dependence of ry,, which can
be measured precisely at LEP, alows in principle to constrain my,, by disentangling it from
myop-dependent loop corrections entering Ap. In other words, 7, is a genuine indicator of large
Miop Effects.

Dependence of R on o
A convenient way to summarize the effects of all the pertinent radiative correctionsisto
cast the relation between R and o = a(myz) into the form

R=R’-(1+8qop) , 4

where R? is the ratio of the hadronic and the electronic partial widths when final state QCD
corrections are absent (o = 0), and
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is the perturbative final state QCD correction; non-perturbative effects are negligible, aswill be
discussed below.

The above factorization is not exact for, at least, two reasons. First of all the QCD
corrections affect also the vector boson self energies and the Z — bb vertex, giving rise to
O(aas) or O(a.Grmy,,) termsin R°. Secondly, the total hadronic decay rate is the sum of
the vector current induced rate 'V and of the axial decay rate I'*, which receive different QCD
corrections, fQCD and fQCD, respectively:

Grms
N(Z —qq) =TV +T* = F z E [ fobp + fQCD] : (6)

Our strategy will be to use the programs BHM, TOPAZ0O and ZFITTER to caculate R
and in the end the QCD coefficients a; are derived from afit to the exact result. These programs
contain al the one loop electroweak corrections and all the leading higher order electroweak
contributions presently known, including the O(Ggm¢,,) terms [9] and the O(a.Grm?,,)
terms [10] for p and sin®# and the O(aa,) corrections for the vector boson self energies.
The QCD corrections are calculated for massless quarks up to third order [11], and quark mass
effects, including top-bottom mass splitting, are calculated in ref. [12, 13, 14, 15, 16]. Aswe
have mentioned before, there are differencesin the actual implementation of these corrections
among the three programs, and therefore our first goal has been to produce results under similar
conditions.

Here we simply list the most relevant choices that were made for the comparison, which
correspond to the options used in ref. [8] for instance, some of which are different from the
choices for our final result:

—  QED and QCD correctionswere factorized with respect to weak flavour-dependent correc-
tions, i.e. for agiven quantity A wecompute A = (A + Aw)(1+ qep )(1+dqcep ), Where
the subscript IB stands for improved Born (namely absorbing universal weak corrections),
whereas W stands for weak flavour-dependent corrections.

—  for thelight quark contribution to the running of a.., we used the result of ref. [17] since,
so far, no updated eval uation has been published.

—  The c-quark massis not running, but the b-quark mass corrections are taken into account
according to eqg. (30) of ref. [18].

A comparison of the R values calculated by the three programs under these conditions
is shown in fig. 1. For the same input parameters o, = 0.120,my, = 4.7 GeV, myop = 150
GeV and miges = 300 GeV the three programs BHM, TOPAZO and ZFITTER differ by only
Aa, ~ tAR/R ~ £0.0005. Thisisremarkably good agreement and strengthens confidencein
the technical precision of the calculations.

Having understood the three programs for a common setup, we decided to include some
new results for our final formulae:

—  Motivated by the recent calculation of the O(a,Grm;,,) corrections [10], QED and QCD
correctionswerenot factorized, i.e. A = Aig(1+46qep+dqcp )+ Aw. Thischoicedecreases
the value of o, derived from R by 0.001.

— Asnoted in ref. [12] there is an additional difference between vector (I'V) and axial (T'4)
contributions even for massless final state quarks. This difference which startsat O(a?) is
aconsequence of thelarge t-b mass splitting. However, it isnot yet clear how to implement
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Figure 1: Relative difference between the value of R from each the three programs and the
average, as afunction of o, for my,, = 150 GeV, muiges = 300 GeV and my, = 4.7 GeV. The
vertical scale on the right gives the change in «, that corresponds to the relative change in R
shown on the left scale.

unambiguously these singlet corrections, but theindividual changes compensatein thetotal
rate and therefore the determination of o isnot affected.

The c-quark mass corrections were taken into account, leading to a reduction of «, by
0.0005.

We included some of the recently computed QCD corrections of ref. [18, 19, 20, 21],
namely:

1. thenext-to-next-to-leading running b-quark massin the compl ete mass corrections of
O(a2m? /m}) to the axial Z-boson decay rate;

2. theimproved QCD corrections of O(a?) to the singlet part T'4(Z — bb);

3. thepower suppressed quark mass correctionsto the Z decay ratewhich affect at O(a?)
the non-singlet term;

4. the O(a?) correctionsto the Z decay rate into hadrons, i.e. the O(a?) for T'4=.

Only the correction listed last is of some relevance, decreasing «, by about 0.0005, while
the rest together only produce a decrease of the order of 0.0001.
It isworth noticing that all these corrections have the same sign and therefore lower o from R
with respect to the evaluation given in ref. [8].
The sizes of the above effects were calculated independently from TOPAZO and BHM,



and good agreement was obtained. Figure 2 shows the final result, obtained as the average
of the predictions from the three programs'). The curve represents the result of a third order
parameterization in «, /7, which agrees with the full prediction to better than AR = 0.0005 or,
equivalently, Aa, = 0.0001, intherange of 0.10to 0.15in «,. The parameterization is given by

Qs as\? as\®
R=19943 - ({14 1.060- — 4 0.90 - <—> —15- <—> . @)
™

™
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Figure2: R asafunction of o, /7 fromthe average of the three programs, including some recent
calculations mentioned in thetext. The solid linewas obtained from the effectiveformula, where
R° and the coefficient a; werefitted, whereas a, and a; werefixed to 0.90 and -15, respectively.
The circles represent the result from the full calculation.

It is worth remarking here that a formula representing the complete calculation should
have a different and more complicated structure than given here. This is due to the fact that we
have decided not to factorize final state correctionsin the actual complete calculation. In order

1) For this analysis the average was actually performed before taking into account any of the
effectsin the second list, and then the average of the correctionsfrom BHM and TOPAZO was
added. We have beeninformed that an updated version of ZFITTER will bereleased soon[22],
showing that the new R is systematically bigger by an absolute amount of 0.007 - 0.010,
which supports our findings.



to enforce the simpler structure we have fitted the two most important coefficients, R° and a4, to
the compl ete results, thus obtaining a numerically precise approximation of the full calculation.

Similarly, we obtain a formula for r,, again for the canonical values my,, = 150 GeV
and muiges = 300 GeV. The different programs lie within £0.0001 around the parameterization
given by

o o\ 2 o\ 3
r, = 0.21598 - |1+ 0.106 - — — 0.09 - <—> —23- <—> . (8
™ ™ ™
While for R the QCD correction amounts to about 4%, it is only about 0.2% for r, due to a
cancellation of all but the b mass dependent terms.

Dependence of R on my,p and muiggs

The values that we have quoted refer to fixed Higgs boson and top quark masses, but
R, depends, via loop corrections, on these masses. In the range of ‘alowed’ values for these
parameters, 60 GeV < mpiges < 1000 GeV [23] and 100 GeV < myop, < 200 GeV [24, 7],
these dependencies can be parameterized to a good approximation by

. 2 2
R ~ (1 ~24-10"*In <mHigg> ) : (1 —2.5-107* <M> ) . (9)
my myz
for BHM and ZFITTER and by

. 2 2
R ~ (1 ~2.2-10*In <mH—gg> ) : (1 —4.7-107 <M> ) . (10)
my myz

for TOPAZO.

While al programs agree well on the Higgs mass dependence, TOPAZO predicts a top
mass dependence almost twice as big as the dependence obtained from ZFITTER or BHM. This
difference has no sizable effect on the actual determination of a5, and the numerical studies
that we have performed show that its basic origin is due to the different choices made in the
programs concerning the calculation of the purely electroweak corrections, namely:

—  Absorb part of the Higgs correctionsinto p resummed or not resummed. Thisintroduces a
dependence of the resummation on the renormalization procedure.

—  Squaresof quantities, eg. a = ao + g a1 + O(g*) are performed by squaring a numerically
or by suppressing orders g2, i.e. a? = a2 + 2 g ag a.

Concerning these points, the choicein BHM and ZFITTER hasbeen thefirst alternative whereas

it has been the second for TOPAZO.

The coefficient a, in égcp aso varies with the top mass,

Appyop @2 = —0.002 - (myo,/GeV — 150) . (11)
while the top mass dependence of the third order coefficient a3 isnegligible [21].

Theoretical Uncertainties
An important result of our analysisis that the differences between BHM, TOPAZO and
ZFITTER for asimilar configuration are within 0.0005 in «, over arange 0.10 < a4 < 0.15.
The following uncertainties contribute to the total theoretical error in o, as determined from R:
— uncertaintiesin the electroweak calculations and from their implementationsinto the pro-
grams. From a comparison of three different programs (BHM, TOPAZO, ZFITTER) we
have found that the largest difference comesfrom the factorization vs. non-factorization of
QED and QCD corrections. For any of the Z partia widths we can compute



It = (T's+ AT'w)(1 4 éqep)(1 + éqcp) (12)
I = Ts(14 égep + dqep) + Al'w (13)

where I'ig is the width computed with the improved Born approximation (universal cor-
rections), and AT'w includes the non-universal weak corrections. Due to the well known
miep dependence of the Z — bb vertex the difference between the two approaches is
more pronounced for the bb partial decay rate. Since the actual difference among the two
possihilities is linked to the assumption on higher orders, even though we have chosen
the second one as our baseline option, we have to quote the difference among both as a
theoretical uncertainty. From our analysisit followsthat the corresponding uncertainty for
s i1ISAag ~ 0.001.

—  The uncertainty coming from the hadronic contribution t0 e, [17], A(é[aem(light)]) =
0.0009, leads to an uncertainty on «, of Aa, &~ 0.001. Therefore, if we had used the
preliminary value 1/ a., (light) = 128.87 [25] as our base option, thiswould have produced
ashift of Aa, =~ 0.0005.

— A variation of the physical b-quark massin the range m;,, = 4.7 £ 0.2 GeV gives Aa, ~
0.0003.

— Of al the new QCD effects that have recently appeared in the literature [19, 20, 21] only
the O(a?) corrections to the singlet part of the axial-vector width are of some relevance,
giving Aa, ~ 0.0005, while the rest amounts to small corrections, Aoy ~ 0.0001. We
might consider Aa, = 0.0005 as a conservative estimation of the uncertainty due to still
unknown mass corrections.

—  Missing higher order in the massless QCD corrections, the effect of which can be estimated
in different ways:

(a) A variation of the renormalization scale 1 between my/4 and my [26] changes éqcp
by 8 - 107* for a, = 0.12 [27]. The corresponding change in « is about 0.002.

(b) A guessof thefourth order correctionof O[100] - (a,/7)*. Estimatesin theliterature[28,
29] are of this order of magnitude. For «, = 0.12 the changes in éqcp and o amount to
approximately 0.0002 and 0.0005, respectively. (c) A variation of the renormalization
scheme leads to Aa, < 0.001 [30]. In all cases the uncertainty is not bigger than 0.002 in
Q.

—  Non-perturbative corrections are expected to be Adqep = O[(A/mz)?] [31]. With a
value for the QCD scale parameter A of 0.3 GeV one obtains Adgcp = O[1 - 107°]
and Aag = 0]0.0003], which is negligible.

— Avariation of theHiggsmassbetween 60 and 1000 GeV leadsto Ao, = +0.002. Taking the
larger top mass dependence from TOPA ZO0, a change of the top mass from 100 to 200 GeV
trandatesinto Aa, =+3-952. Adding these two sources in quadrature yields Ac,, =+5-9%4,

Therefore the most important contributions are due to the unknown masses of the top
guark and of the Higgs boson and to the interplay between pure weak and QCD corrections. We
can conservatively claim that the theoretical uncertainty in the extraction of o, from Riis:

Aa, = £0.002 (electroweak) =+ 0.002(QCD) *5002 (Metop, MHiggs) - (14

o, from R
The most recent combined LEP value for R is20.763 £ 0.049(exp.) [8]. By use of the
effective formula, we find o; = 0.120 £ 0.007(exp.). Assuming that my,, = 150 GeV and
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Miges = 300 GeV arereasonable central values, no correctionisneeded. Adding the theoretical
uncertainties as estimated above we get o, = 0.120 £ 0.008 asfinal result.

Summary and Conclusions

Using threeindependent analytical programswhich incorporateall the recently cal cul ated
electroweak loop correctionsand all the numerically relevant mass effectsin the QCD correction,
we have estimated the theoretical uncertainty of «, derived from R to be

Aa, = £0.002 (electroweak) £ 0.002 (QCD) 5995 (Mtop, MHiggs) -

Therelation between R and «, can berepresented through an effective, but highly accurate
formula

™

Qs o\ 2 o\ 3
R=19943 - |1+1.060- —+0.9- <—> —15- <—>
™
for muiges = 300 GeV and myo, = 150 GeV.
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