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1 Flow lines

Let us introduce a more compact notation:

29, 1) ~ [ DIDB exp |~ (Lus(@ ~ O)Bu ~ JpaBos ~ Liaties) |- (1)

Now do the substitutions in the exponent:

(Ltz + IB sy Ps—ty—2)(0r — Oz)(Btw + P—s oy JLsy)

— JIBtae(Btg + Pi—so—yJrsy) — (Lig + IBsyPs—ty—2)J e =

=Lt 2(0; —Oy)Bra + Lt 2(0r — Op) P—s oy J L sy

+ JIB sy Ps—ty—a(0r — Oz)Bio + IBsyPs—ty—2(0r — Up) Py oy J1 s oy
—JIBtaBie — IBtali—sz—yJrsy — LizJrte — IBsyPs—ty—aJLte =
=L 2(0y —O3) By + LipJr e

+ JIBsyPo—ty—a(0r — O2)Bra + JB sy Ps—s y—y 1.5y

—JIBtaBty — IBtalPi—s oy sy — Ltadite — JIB sy Ps—ty—alLta

For the third term, we need to do two partial integrations in = (which does not affect the
sign), and one in ¢. The latter changes the sign, but

(=0 —O2)Po—tyy—a = (0s —O3) Ps—yy—0 = 0(t — 5)0(z — y) . (3)



Collecting all the terms gives
Z[ g, Jr] ~ / DLDB exp [— (Lm(&t — U,)Bra — Jth@Pt_s’x_yJLvs,y)] -
= exp [— JB7t,th_s7x_yJL7s7y} / DLDB exp | — Ly (0 — Dx)Bm} (4)

~ €xp |: - JB,t,th—s,x—yJL,s,y}

since the integral is now independent of the currents. Now we can simply evaluate the
two-point function by differentiating w.r.t. the currents, which gives the desired result.

2 Asymptotic expansion of flow-time integrals

The task is to solve the integral
APk etk +(k—q)?]
1= | o
in the limit t¢> < 1, or equivalently ¢? < 1/t, using the strategy of regions [1]. We need
to consider two integration regions:

()

(i) k2 < 1/t. In this case, all terms in the exponent are small, and we can expand the
exponential. On the other hand, there is no large quantity in the denominators, so we
cannot expand them:

o [ dPk 1 k24 (k —q)?
I”‘/(%)D [k2(k—q)2_t k2(k — q)2 +}

[ dPk 1 p 1 .1
_/(270’:’ [kQ(k—q)Q_ h—qf BT }

The second and third (and all higher terms!) lead to scaleless integrals (after appropriate
shifts in the integration momentum) and vanish. The first one is just the regular massless
two-point function. It can be calculated using Feynman parameters, for example:

(6)

) 1 1
70 — 62 [6 +2—-Ing® + O(G):| . (7)

(ii) k2 > 1/t.

7(@)

/ dPk etk +(k—a)’] / APk e—2th? 2th-q—tq?
S - | e -

AP e—2tk? ) 2]{3'(]—(]2
:/(%)D = [1+t@2k-q—¢)+---] {1+kz+~l.

(8)
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Let us just keep the first term:

Dy ,—2tk? 00
(i) :/ d”k e _ Qp / dje D=5 p—2tk% _
@mP K (2m)P Jo

(9)

1 2mD/2 . 1 1
= : t2)'PPr(D/2 - 2) = — |-~ —1—In8nt + O
@nP T (D/2=2) =162 |~ n8rt +0(e)
Adding the results of the two regions, we find
: . 1
I =710 4 g — 63 [1- In87tg® + - - -1, (10)

where higher orders in tg® and e are neglected.

Remark: The beauty of the strategy of regions is that, even though we expand in a
particular region, we can still extend the integration in I() and I® over all k. The reason
is the following (see also Ref.[2]). Let us denote by 7, the operator which performs a
Taylor expansion in the variables = (all integrals are over d”k):

/ otk +(k—q)?] / - otk +(k—q)?]
_|_ _— =
)2 (n’) T k2 (k — q)?

-(/- /”) g ([ ]) " = W

e—t[k2 (k=a)?] / etk +(k—q)?]
(%)

_ ) gl _
e /@-@77”“ 20k q)? T et =g

Since in region (i) we can apply 7y, and 7T in region (ii), we get for the last two terms
otk +(k—q)? —lt[lf2 +(k—q)?]
A= ToTok—57——5— / Tk 7Tq . (12)

(41) )

We can interchange the order of the Taylor expansions, which allows us to combine the
two integrals again:

e tlk*+(k—q)?] 2%k - q—q
a= [T g g = T /k4Z< ) (13)

where in the first step, we have used the result of Eq. (6). The final term only involves
scaleless integrals, and thus A = 0.
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