Exercises: Perturbative Gradient Flow

R. Harlander

RWTH Aachen University

Bad Honnef, 2023

1 Flow lines

The generating functional which implies the flow equation reads

Z[Jg, Jr] ~ /DLDB exp [— /d4:c/000 dt (LZ(t,x)(at — 0,)B%(t, ) 0
— Jpu(t,2)Bu(t, ) — Ly(t, :Jc)JLM(t,x))] ,

where we only kept the quadratic terms in the fields in the exponent. Using the fact that
the integral measure is invariant under the shifts

Li(t,x) — Li(t,z) + /d4y/0 ds Jpu(s,y)P(s —t,y —x),

00 (2)
Bj(t,z) — B,(t,x) + /d4y/0 dsP(t —s,x —y)Jru(s,y),
with
(O — DL)P(t— 5,3 — ) = 6(t — $)3(z — ). (3)
show that the mixed propagator is
(O|TB(t, 2)LE (s,9)]0) = 675, P(t — s, —y). (4)



2 Asymptotic expansion of flow-time integrals

Evaluate the integral

APk etk +(k—a)?]
/(27T)D k2 (k — q)?

in the limit t¢?> < 1 up to the first non-vanishing order in ¢>t.

3 Flowed anomalous dimension

Consider the small-flow-time expansion

O(t) = ()0 + -+, (6)

where O™ is a basis of renormalized operators of mass dimension n, O(t) are the corre-
sponding flowed operators, and {(t) is the matching matrix. Terms or order ¢ are neglected.
The flowed operators obey a flow equation [1]:

0

ta@(t) =5t)Ot) + - - (7)

where again terms of order ¢ have been neglected. Express 7(t) in terms of ((t).

4 Method of projectors

Consider the operator B
Op =Yy . (8)
where D), is the covariant derivative of QCD.

1. Write down the Feynman rules for this operator.

2. Construct a projector onto this operator.



3. Apply the projector to the flowed operator

Op = x(t)Px(1). (9)

where D,, is the flowed covariant derivative. Draw two diagrams that contribute at
one-loop level. Calculate one of them (which is non-zero).

You can use Ref. 2] for the Feynman rules, for example.
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