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Feynman rules
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‘gluon flow line”
analogously for quarks:
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Vertices

W, a,l V,b,S

regular 3-gluon vertex CU000000000
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q,v,b

T,p,C
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ds (51/,0(T — Q)IL + 25,qu,0 _ 25upru

+ (5 = 1)(0ppqu — 0prp))

analogously for 4-gluon vertex and quarks
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Higher orders
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® more |oop Iintegrals
® ntegration over flow-time parameters
® renormalization: same as fundamental QCD!
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® After tensor reduction, we end up with many scalar integrals of the form

(87}, {Ti (@) = (H [ dtf) / expl—(gg SRR )

k19°'°7kL N

with g; linear combinations of k; and 7; linear combinations of ;, e.9. g1 = k1 —kpand Ty =t + 24 — 13
® Chetyrkin and Tkachov observed [Tkachov 1981; Chetyrkin, Tkachov 1981]
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= Linear relations between Feynman integrals
® Can easily be adopted to gradient-flow integrals
® Additional new relations for gradient-flow integrals: [Artz, RH, Lange, Neumann, Prausa '19]

tP

/ " dto,F(t,..) = F(£®,...) — F(0,...)
0
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Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(as,a,az)+ (a1 —a)l(a; +1,a —1,a3) +(2as + a; — ax)l(a; + 1,a,a3 — 1)
® Rarely possible to find general solution like

/(31,32, 33) = a1 /(31 — 1, ao, 83) + (d + a4 — 62)1(31,32 — 1,33) —+ 283/(31, ao, dz — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® |nsertseeds{a; =1, ac=1,a3 =1}, {as =2,ao=1,a3 =1}, ...:
0=(d—1)/(1,1,1)+ 1/(2,1,0),
0= (d—-2)I(2,1,1)+ /(3,0,1) — (3,1, 0),

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals
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Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(ay,a,as)+ (as —a)l(a; +1,a —1,a3) + (2as + ay — a»x)l(a; + 1,a,,a3 — 1)
® Rarely possible to find general solution like

/(31,82, 83) — aj 1(81 — 1,82, 33) + (d + a4 — 32)1(31,32 — 1,33) -+ 233/(31, do, d3 — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® Insert seeds {31 =1, a=1a = 1}, {31 =2, & =1,a3 = 1},
0=(d—1)/(1,1,1)+ /(2,1,0),
0= (d—-2)I(2,1,1) + /(3,0,1) — /(3,1,0),

e.g. NNLO chromo-magnetic dipole operator:
O(4000) integrals reduced to 13 master integrals

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals
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Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
du;ut - J du, .’ [J
,[ 0 1 0 7y D1 P23 pt p5 3 (p1 — P2)* (P — P3)* (P2 — P3)?
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Numerical evaluation of the master integals

1 1 eXp (—pTA(ul, oy Up) p)
dbtl Ul .- J du qu [J
,[ 0 1 0 7y D1 DD Pt P3 3 (p1 — p2)* (p1 — p3)* (P2 — p3)?
Schwinger parameters: 1 > )
—2 = J' dxe™P
p 0
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Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
dbtl Ul e J du qu [J
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Schwinger parameters: 1 > )
= J' dxe P
p* 0
|
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Numerical evaluation of the master integals

1 | eXp (—pTA(ul, ...,uf)p)
dbtl Ul e J du qu [J
,[ 0 1 0 7y D1 DD Pt P3 3 (p1 — p2)* (p1 — p3)* (P2 — p3)?
Schwinger parameters: 1 > )
= J' dxe P
p* 0
|
J' dl/ll l/tlcl oo J dl/lf |' °° J dx6 JI GXp (—pTB(l/ll, coos l/lf, xl, °°-,X6)p)

0 P1:P2:P3

1 I . ~
J du, ufl J dufu;fJ dx, -- J dx, [detB(ul,...,uf,xl,...,%)]—D/z
0

0 0 0
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1 1 2 2 2 2
exp(—n4 — u — UU — 2 —
/ dU1U1/ du2/ p( ! P2 112Ps (p1 pz) ) >
0 0 P1,P2,P3

p? p2 p? (p1 — p2)? (p1 — p3)? (P2 — p3)?

Institute for

R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023 Particle Physics

and Cosmology




: d : d exp(—pt — u1p3 — uruzp; — 2(p1 — p2)?)
Uil u2 2,22 (2 N2 (e — N2 (1 )2 >
0 0 p1paps P1P5 D5 (P1— p2)? (P1 — p3)? (P2 — P3)

1 1 00 00 00 00 00 00
/ duq / dug / dzq / dxo / dxs / dzy / dxs / dxg
0 0 0 0 0 0 0 0

Institute for

R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023 Particle Physics

and Cosmology




1 1 2 2 2 2
exp(—n4 — u — UU — 2 —
/ dmm/ duz/ p( b1 1P 142P3 (p1 p2) )
0 0 P1,P2,P3

p? pip2 (p1 — p2)? (p1 — p3)? (p2 — p3)?

1 1 00 00 00 00 00 00 5 5
/ duq / dus / dzq / dzo / dzs / dxy / dxs / dze U1x] Ty T3 Ty xs Ty (3U] UL T1 T2 T3 X4 T T + UT U T1 T T3 T4 T+
0 0 0 0 0 0 0 0

U7 U T1 To T3 Ts Te + UT Uz To T3 Ty T Te + 2 U1 U T1 T2 T3 T4 T Te+
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3 U1 U T1 T2 X3 T4 L5 + 2U U2 T T2 X3 T4 Te + UL U T1 T2 T3 T+

U1 U2 T1 T XT3 L5 Tg + Ul U X1 T2 X3 L5 + UL U2 X1 T2 T3 T+

3 UL U9 T1X3T4Ts T + UL U T

L3 T4 T T UL U2

2’LL1 UQ XQIX3XYg X5 T UL UQXQ I3 T4 X5 T UL UQ

L1 L3 L5 TeT

LQX3I5 LT

UL UQ T3 TATE T+ 33U L1 XL2L3TALs + 3UL L1 X2 L3T4 L6+

U1 X1 X2 X3 T4

Ul L1 X2 T4 L6

- Ul L1 L2 L3 L5 -

- U1 X1 X233 X6 -

- U1 X1 X2 L5 L6 -

Uy L2 X4 T5 L6

-3 U1 X1 T T4 Ts T+

U] X2L3 T4 X5

- U1 X2 L3 T4 T+

- 221 X9T3%4%5 + 221 X2 T3T4Tg + T1 T T3 Ta+

T1ToX3%5 + T1T2X3%g+ 2L1L9TaTsTg + 31 T2 Ta T+

2X1X2%4Tg+ T1XT2Ta+ X1 X256+ T1ToXs5 + T1 X2 T+

3T123T4T5 +3T123T4T6+ T1T3%4+ T1X3T5 + T1T3Te+

3T1T4T5L6 +T1TaTe+T1T5%6+2T2T3T4T5 + 2X9x3T4T6+

LQIX3 L4 T X2X

LQ X4y T X2L
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1 1 2 2 2 2
exp(—n4 — u — UU — 2 —
/ dmm/ duz/ p( b1 1P 142P3 (p1 p2) )
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B 1
y_1+x
" o0 -1 dy
dxf() = | —f(()
Jo Jo Y

R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

3 U1 U T1 T2 X3 T4 L5 + 2U U2 T T2 X3 T4 Te + UL U T1 T2 T3 T+

U1 U2 T1 T XT3 L5 Tg + Ul U X1 T2 X3 L5 + UL U2 X1 T2 T3 T+

3 UL U9 T1X3T4Ts T + UL U T

L3 T4 T T UL U2

2’LL1 UQ XQIX3XYg X5 T UL UQXQ I3 T4 X5 T UL UQ

L1 L3 L5 TeT

LQX3I5 LT

UL UQ T3 TATE T+ 33U L1 XL2L3TALs + 3UL L1 X2 L3T4 L6+

U1 X1 X2 X3 T4

Ul L1 X2 T4 L6

- Ul L1 L2 L3 L5 -

- U1 X1 X233 X6 -

- U1 X1 X2 L5 L6 -

Uy L2 X4 T5 L6

-3 U1 X1 T T4 Ts T+

U] X2L3 T4 X5

- U1 X2 L3 T4 T+

- 221 X9T3%4%5 + 221 X2 T3T4Tg + T1 T T3 Ta+

T1ToX3%5 + T1T2X3%g+ 2L1L9TaTsTg + 31 T2 Ta T+

2X1X2%4Tg+ T1XT2Ta+ X1 X256+ T1ToXs5 + T1 X2 T+

3T123T4T5 +3T123T4T6+ T1T3%4+ T1X3T5 + T1T3Te+

3T1T4T5L6 +T1TaTe+T1T5%6+2T2T3T4T5 + 2X9x3T4T6+

LQIX3 L4 T X2X

LQ X4y T X2L

Institute for
Theoretical
Particle Physics
and Cosmology

35 T X2X3T¢g T 2332 L4 I5 ZIJ6+

€—2
5 L6 + T3 T4 T5+ T3 T4 Tg + T4 T5Tg)



UL exp(—p? — wap} — wruap} — 2(p1 — p2)?)
(VAN (V) 5 9 o — 5 — 5 — 5
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B 1
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Jo Jo Y

overlapping singularities

as x;, u; = 0
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overlapping singularities

as x;, u; = 0

— sector decomposition
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1 1 —1
example: I = / dx / dy x— 17 y~be (iB + (1 — ) ?J)
[Heinrich ‘08] 0 0
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1 1 —1
example: I = / dx / dy x—17acybe (:E +(1—1x) y)
[Heinrich ‘08] 0 0

singularityas x—>0 and ((x—=>0)A( — 0)
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1 1 —1
example: I = / dx / dy x—17acybe (:E +(1—1x) y)
[Heinrich ‘08] 0 0

singularityas x—>0 and ((x—=>0)A( — 0)

sector decomposition: [Binoth, Heinrich "00]
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1 1 —1
example: I = / da:/ dy x—17acybe (:E-l-(l—fl?)y)
0 0

[Heinrich ‘08]

singularityas x—>0 and ((x—=>0)A( — 0)

sector decomposition: [Binoth, Heinrich "00]

/ d:v/ dyz=17%y (33—1—(1—x)y)_l[@(x—y)-l—@(y—m)]

| DGR S —
(1) (2)
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1 1 —1
example: I = / dx / dy x—17acybe (x +(1—1x) y)
0 0

[Heinrich ‘08]

singularityas x—>0 and ((x—=>0)A( — 0)

sector decomposition: [Binoth, Heinrich "00]

/ dx / dyz=17%y (33—1—(1—x)y)_l[@(x—y)-l—@(y—m)]
(1) (2)
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1 1 —1
example: I = / dx / dy x—179¢€ b (m +(1—1x) y)
0 0

[Heinrich ‘08]

singularityas x—0 and &—=>0)A(y —0)

sector decomposition: [Binoth, Heinrich "00]

/ dx / dyx~17%y (:B—I—(l—x)y)_l[@(az—y)-l—@(y—m)]
(1) (2)

Y
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L ! -1 : 1 (asb)e [ 1
I = / dx x_l_(“+b)€/ dt t ¢ (1 + (1 — x) t) =+ / dyy (a1 )e/ dtt™ % (1 + (1 —y) t)
0 0 0 0
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1 ! —1 : 1 (atb)e [ 1
/ dx x_l_(‘”“b)e/ dt t—0¢ (1 + (1 — x) t) + / dyy (a4 )e/ dtt— % (1 +(1—-1y) t)
0 0 0 0

1 1 t—bé‘
. [ a
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1 b ybe 1 bar 1 1 In ¢
= J dt o)—|—) tae|— ) +
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! In"t L Iny
J dr( ; ) f(t)=J di — [f(0) = f(0)
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pySecDeC |[Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke 18]

1 1 9 9 9 9 1
expl(—ns — u — UTU — 2 — N _
/ dulul/ duQ/ P(=Pi — u1py — wrtgps — 2(p1 —p2)°) [ + ep” (1) *((~-1.20205690407937649) +
0 0 P1,P2,P3

p%p%pg (Pl —p2)2 (Pl —p3)2 (p2 —p3)2 (471-)361/2 (6.74709950249940753e-9) *numerr )

+ ep™(0)*((-11.4409624237256917) +
(4.99888756503079786e-8) *numerr ) ]

[RH, Nellopoulos 22 (unpublished)]
earlier work: [RH, Neumann '16]
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Effective Field Theories

1

_ <4 (d) ;5(d)
ZL =7 +2Ad—4zci @i
d>4 I

some problems:

® many operators (SMEFT: 2499 @ dim 6)
® get a non-redundant basis (EoMs, |bP, Fierz, Schouten, ...)

e determine Cl.(d)
e determine (@Ed)) —
® renormalization S

Gradient Flow

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023 | RWTH

oooooooooooo



q1 g4 O, =(q 1?’,5 TQz)(%}’fT%)

_> _ B
d W S 42 QY 0, =(q 17’[[ 42)(61375614)
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u . My @ 0 0, = (3,7 T:)(G3r"Tqs)

_> _ B
d W S 42 Q\f 0, =(q 17’[[ 42)(61375614)

L efp 3 Z Gy, 0, = Z C(), O(1),
(T) = ), COy)
i / \Iattice
pert.th
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q1 g4 O, =(q 17; TQz)(%}’fT%)

_> _ B
d W S 42 Q\f 0, =(q 17’[[ 42)(61375614)

q; = xi(1)

L o D ZCB@ =

> C), 60),
" 0 ,(1), O(1)
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Small-flow-time expansion vuscre: weis: 201

0,(1) =~ ) (8006,
"N

poerturbative
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Small-flow-time expansion vuscre: weis: 201

0 (1) - Z (z)@ =) (8 (17,0
m.,k

perturbative
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Small-flow-time expansion vuscre: weis: 201

0,(1) = Z <r>@ = ) 602,08 = D 5 (00}
m.,k m

perturbative
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Small-flow-time expansion vuscre: weis: 201

0,(1) = ) CB06, =) 507,08 =) . (008
m \ m.,k m

poerturbative

) C,08 - Zc N6, (1) = Zc (1) 6, (1)
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Small-flow-time expansion vuscre: weis: 201

6,(1) - Z <r>@ = D G02,,08 = ), (00,
m.,k m

perturbative

) C,08 - Zc N6, (1) = Zc (1) 6, (1)

Co(1) = Cpy Gn (1)
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Small-flow-time expansion vuscre: weis: 201

6,(1) - Z <r>@ = D G02,,08 = ), (00,
m.,k m

perturbative

) C,08 - Zc N6, (1) = Zc (1) 6, (1)

/MS scheme
C (1) = C,, (D)
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Small-flow-time expansion vuscre: weis: 201

6,(1) - Z <r>@ = D G02,,08 = ), (00,
m.,k m

perturbative

Y C,08 =Y C, 600, =Y €0 6,0

/MS scheme
C (1) = C,, (D)

Need to compute suitable Green’s functions of the operators...
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Method of projectors

6,0~ Y Bwo,  ——  (kI6,010)= ), &1 (k|O,]0)

deally:  (k|0,]0)=35,, = B =(k|6,()|0)

q1 q4
—
42 qs

tttttttttttt
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Method of projectors

6,0~ Y Bwo,  ——  (kI6,010)= ), &1 (k|O,]0)

deally:  (k|0,]0)=35,, = B =(k|6,()|0)
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Energy-momentum tensor

2 0S

1) = T S

here: § = Socp and gM = flat metric
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Energy-momentum tensor

2 0S

L) = 102 5gmw ()

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—(% @1,//”/()(:) — Z@Z’MU(X) + 2@39/41/()6)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4
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Energy-momentum tensor

2 0S

H ) = P S @)

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—g @1,//”/()(:) — Z@Z’MU(X) + 2@3#1/(.)(:)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4

Noether current of space-time translations
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Energy-momentum tensor

2 0S

H ) = P S @)

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—g @1,//”/()(:) — Z@Z’MU(X) + 2@3#1/(.)(:)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4

Noether current of space-time translations

— |ll-defined on the lattice!
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Energy-momentum tensor

in QCD:
T _ ! 0 : 0 : 0
/,u/(x) - g_g l,ﬂy(x) T Z Z,ﬂy(x) 1 Z 3,/41/()6)
O = Fuptp
@2,/41/ — 5/41/F gaF ,ga

B g g
@3,/w =y (y,uDy + }/vDﬂ) 4

tttttttttttt
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — —2 @lal/ﬂ/(x) - Z@Za/’w(x) + 2639/“/()6)
80

O = Fuptp

@2 JAU — 5/41/F gaF ,ga
- — o~

@3,,uv =y (yﬂDy + }/I/D//t> 4

g
@4,/41/ — ,uvl/jlpl//

tttttttttttt
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — g—g @1,/41/()6) - Z@Q”'MU(X) + 263,/41/()(:)
@1,/41/ — FZngp 61,/41/(0 — F/jlp(t)ng(t)
@2,/41/ — 5/41/F56F50 62,I1,t1/(t) — 5ﬂngg(t)Fgg(t)
< < ~ _ g <

@3,,uv =y (yﬂDy T yI/D,u) ' 4 @3,/41/0) = l//(t)(y,uDy(t) T ny,u(t)> l//(t)
O = 8, 7Dy 64,1 = 8, 5D (1) (1)
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — —2 @Lﬂy(X) - Z@Q”/’W(X) + 263,/41/()(:)
50
@1,/41/ — FZngp 61,,1,t1/(t) — F/jlp(t)ng(t)
@2,/41/ — 5/41/F56F56 62,I1,t1/(t) — 5ﬂngg(t)Fgg(t)
< < ~ _ g <
@3,,uv =y (yﬂDy T yI/D,u> ' 4 @3,/41/0) = l//(t)(y,uDy(t) T ny,u(t)> l//(t)
O = 8, 7Dy 64,1 = 8, 5D (1) (1)

4

T,,x) = ) ¢,(D0,,,(x)

n=1

idea and NLO result: H. Suzuki ‘14
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Flowed operators

0,()= ) LD,
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Flowed operators

0,() = ), L0,

projectors: PO, =0,

tttttttttttt
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Flowed operators
0,()= ) LD,

projectors: PO, =0, C(1) = Pm[@n(t)]
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Flowed operators
0,() = ), L0,

projectors: PO, =0, (1) =P, [0 (1]

e.g

—_— a da
@1,/41/ o F,MPFVP

_925ab (5w/p "q — quv)
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Flowed operators
0,() = ), L0,

projectors: PO, =0, (1) =P, [0 (1]

e.g

—_— a da
@1#1/ o F,MPFVP

orojector: P",

0 O
[X] ~ 561[9 “‘\ & ““
ap U an/ J C
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Method of projectors
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Method of projectors

f X is a regular QCD operator, all higher orders = 0.

tttttttttttt
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Method of projectors

f X is a regular QCD operator, all higher orders = 0.

tttttttttttt
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Method of projectors

f X is a regular QCD operator, all higher orders = 0.

p=g=0

= PO, = Z Gum(DPI[0,,] = &,1(0)

to all orders
Gorishny, Larin, Tkachov '83
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — —2 @Lﬂy(X) - Z@Q”/’W(X) + 263,/41/()(:)
50
@1,/41/ — FZngp 61,,1,t1/(t) — F/jlp(t)ng(t)
@2,/41/ — 5/41/F56F56 62,I1,t1/(t) — 5ﬂngg(t)Fgg(t)
< < ~ _ g <
@3,,uv =y (yﬂDy T yI/D,u> ' 4 @3,/41/0) = l//(t)(y,uDy(t) T ny,u(t)> l//(t)
O = 8, 7Dy 64,1 = 8, 5D (1) (1)

4

T,,x) = ) ¢,(D0,,,(x)

n=1

idea and NLO result: H. Suzuki ‘14
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Energy-momentum tensor

in QCD:

1 1
T//tl/(x) — ? [@Ia/ﬂ/(x) — _@Z,ﬂy(X)
0

1
+ 2639/“/()6)

A

O, ,,(1) = F()F2 (1)

0y, (1) = 6, Fo()F.(1)

O3,,(1) = l//(f)(VMDy(f) + niﬁ)) (1)
64,1 = 8, 5D (1) (1)

T, (x) = Z e, (00,1, X)
n=1
idea and NLO result: H. Suzuki ‘14
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NNLO result

c1(t) = %{1 | (49;)2 :—gCA + gTF — bo L(Mat):
| (4‘2;1)4 : — B1 L(p,t) + C5 < 13:)1?2 1?2;16 In2 A 1137 In 3)
+ CATF (599Liz (%) | 1(;13;3 | ;?1772 2173753 In 2 A 34052 ln3>
) CFTF( QSGLiQ ( i ) : 2150887 gﬂg 186 - 11681 - 3)
+ (’)(96)} , L(p,t) =1In (2u2t) + YE
elc. RH, Kluth, Lange ‘18
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Application

Entropy density:

e_yE/Q’

NGT

Ho =

4

8—|—p:—§

T/Tc=1.68 (NLO) u= o

¥ 643x12
$ 963x16
$ 128°x20

B Range-1
® Range-2
A Range-3

<T00(«’L’)

0.000 0.005 0.010 0.015 0.020 0.025 0.030

tT?
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1

4

Tiu(@) )

T/Tc=1.68 (NLO) u = ugqg

4.8 1

¥ 643x12
$ 963x16
¢ 1283x20

B Range-1
® Range-2
A Range-3

-
U
\ =

) D D G 4B n,
U AN

Y S 2
7,
\J/

tT2

0.000 0.005 0.010 0.015 0.020 0.025 0.030

Iritani, Kitazawa, Suzuki, Takaura 2019

Theoretical

Institute for

Particle Physics
and Cosmology




Application

Entropy density: e+ p = z <T00(:1;) — lTW(x)>

3 4
L
Ho = \/2_1‘ Ha = \/@
T/Tc = 1.68 (N2LO) 1 = g T/Te=1.68 (N2LO) i = iy
¥ 643x 12 B Range-1 ¥ 643x12 B Range-1

$ 963x16 ® Range-2 .01 $ 963x16 ® Range-2
¢ 1283x20 A Range-3 $ 1283x20 A Range-3

0.000 0.005 0.010 0.6125 0.020 0.025 0.030 0.000 0.005 0.010 0.6125 0.020 0.025 0.030
tT tT

Iritani, Kitazawa, Suzuki, Takaura 2019

Institute for
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Application to EFT

My, — o0 a1 ”

—
d W S q2 y

) Cho,
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Application to EFT

MW — 00 a1 ”

—
d W S q2 QY

). Clo, =Y 0,00,
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Application to EFT

My, — o0 a1 ”

—
d W S q2 QY

2. Cr0, =Y C), 00), = ), (CC1), ENO),
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Application to EFT

My, — o0 a1 ”

d W S — g2 Q\f
2. Cr0, =Y C),00), = ), (CC11), ENO),

|

MS coefficient
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Hadronic vacuum polarization

eI j0) ~ ¥ €00, = 0)
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Hadronic vacuum polarization

[ O(Tj0) ~ ¥ CON0,x=0) = T E,0.0(8,0)
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Hadronic vacuum polarization

[ O(Tj0) ~ ¥ CON0,x=0) = T E,0.0(8,0)

contribution to (g-2)mu

p 7
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Hadronic vacuum polarization

[ O(Tj0) ~ ¥ CON0,x=0) = T E,0.0(8,0)

j(x) 7(0) lattice —B—
R-ratio =—o—
BMWc20 | | -
: : Mainz’'19 } : =
contribution to (g-2)mu FHM'19 | 5 :
ETM19 | : = : :
RBC’'18 | : =
H H BMWc'17 | : a5—
DHMZ’19 | —O—
KNT’19 | +#SH :
CHHKS'19 =S~ no newiphysics .
660 680 700 720 740
i 10105, alIIO-HVP

tttttttttttt
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Renormalization

0,()= ) (5006,
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Renormalization

0,()= ) (5006,

finite m
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Renormalization

0,(1) = Z ;5.(100,

finite divergent
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Renormalization

6, = ) ¢80, O(1) = L3510

finite m divergent
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Renormalization

0,(1) = Z G800, O(1) = £5(1)0
finite divergent
O =70
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Renormalization

0,(1) = 2 G800, O(1) = £5(1)0
finite divergent
OR =70 O = B()Z271'20 = Bz OF = £(r) OF
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Renormalization

6, = ) ¢80, O(1) = L3510
finite m divergent
OR =70 O = B()Z271'20 = Bz OF = £(r) OF

PLO,(O] = ) B (PL6,] = (5 ()
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Renormalization

6, = ) ¢80, O(1) = L3510
finite m divergent
OR =70 O = B()Z271'20 = Bz OF = £(r) OF

PLO,(O] = ) B (PL6,] = (5 ()
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Renormalization

6, = ) ¢80, O(1) = L3510
finite m divergent
OR =70 O = B()Z271'20 = Bz OF = £(r) OF

PLO,(O] = ) B (PL6,] = (5 ()
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Renormalization

0,(1) = 2 G800, O(1) = £5(1)0

finite divergent
OR =70 O(1) = P(NZ27'20 = (P(nZ7" OF = {(1OF
PO, ()] = Z L (OPL0,] = CE (1)
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Renormalization

6, = ) ¢80, O(1) = L3510
finite m divergent
OR =70 O = B()Z271'20 = Bz OF = £(r) OF

PLO,O]1 = ) B (OPL6,] = L5
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Summary

* Gradient Flow is a (relatively) new tool
* Extremely successful in lattice QCD
* Perturbative approach not yet fully explored
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