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Perturbative solution

Effective Field Theories

Calculational techniques
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Part 2
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
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Vertices

regular 3-gluon vertex

analogously for 4-gluon vertex and quarks
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• more loop integrals

• integration over flow-time parameters

• renormalization: same as fundamental QCD!
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[Artz, RH, Lange, Neumann, Prausa ’19]
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e.g. NNLO chromo-magnetic dipole operator:

O(4000) integrals reduced to 13 master integrals
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Numerical evaluation of the master integals

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
p2

1 p2
2 p2

3 (p1 − p2)2 (p1 − p3)2 (p2 − p3)2
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Numerical evaluation of the master integals

1
p2

= ∫
∞

0
dx e−xp2Schwinger parameters:

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
p2

1 p2
2 p2
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Numerical evaluation of the master integals

1
p2

= ∫
∞

0
dx e−xp2Schwinger parameters:

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
p2

1 p2
2 p2

3 (p1 − p2)2 (p1 − p3)2 (p2 − p3)2

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫
∞

0
dx1 ⋯ ∫

∞

0
dx6 ∫ ∫p1,p2,p3

exp (−pTB(u1, …, uf, x1, ⋯, x6) p)
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Numerical evaluation of the master integals

1
p2

= ∫
∞

0
dx e−xp2Schwinger parameters:

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫ ∫p1,p2,p3

exp (−pT A(u1, …, uf) p)
p2

1 p2
2 p2

3 (p1 − p2)2 (p1 − p3)2 (p2 − p3)2

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫
∞

0
dx1 ⋯ ∫

∞

0
dx6 ∫ ∫p1,p2,p3

exp (−pTB(u1, …, uf, x1, ⋯, x6) p)

∫
1

0
du1 uc1

1 ⋯ ∫
1

0
duf ucf

f ∫
∞

0
dx1 ⋯ ∫

∞

0
dx6 [det B(u1, ⋯, uf, x1, ⋯, x6)]−D/2
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∫
∞

0
dx f(x) = ∫

1

0

dy
y2

f(x(y))

y =
1

1 + x
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∫
∞

0
dx f(x) = ∫

1

0

dy
y2

f(x(y))

y =
1

1 + x

overlapping singularities

as xi, uj → 0
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∫
∞

0
dx f(x) = ∫

1

0

dy
y2

f(x(y))

y =
1

1 + x

overlapping singularities

as xi, uj → 0

→ sector decomposition
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example: 
[Heinrich ‘08]



 R. Harlander, Aspects of the perturbative gradient flow, ECT* 2023

singularity as            and          x → 0 (x → 0) ∧ (y → 0)

example: 
[Heinrich ‘08]
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singularity as            and          x → 0 (x → 0) ∧ (y → 0)

sector decomposition: [Binoth, Heinrich ’00]

example: 
[Heinrich ‘08]
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singularity as            and          x → 0 (x → 0) ∧ (y → 0)

sector decomposition: [Binoth, Heinrich ’00]

example: 
[Heinrich ‘08]
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
−

1
(a + b) ϵ ∫

1

0

dt
1 + t [−

1
a ϵ

δ(t) − ( 1
t )

+
+ aϵ ( ln t

t )
+

+ ⋯]
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= −
1

(a + b) ϵ ∫
1

0
dt

t−bϵ

1 + t
−

1
(a + b) ϵ ∫

1

0

dt
1 + t [−

1
a ϵ

δ(t) − ( 1
t )

+
+ aϵ ( ln t

t )
+

+ ⋯]

∫
1

0
dt ( lnn t

t )
+

f(t) = ∫
1

0
dt

lnn t
t [f(t) − f(0)]
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pySecDec [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke ’18]

[ + ep^(-1)*((-1.20205690407937649) + 
(6.74709950249940753e-9)*numerr )


 + ep^(0)*((-11.4409624237256917) + 
(4.99888756503079786e-8)*numerr ) ]

=
1

(4π)3d/2

[RH, Nellopoulos ’22 (unpublished)]

earlier work: [RH, Neumann ’16]
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Effective Field Theories

ℒ = ℒ≤4 + ∑
d>4

1
Λd−4 ∑

i

C(d)
i 𝒪(d)

i

some problems:

• many operators (SMEFT: 2499 @ dim 6)

• get a non-redundant basis (EoMs, IbP, Fierz, Schouten, …)

• determine 


• determine 

• renormalization

C(d)
i

⟨𝒪(d)
i ⟩

Gradient Flow
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n

⟨T⟩ = ∑
n

Cn⟨𝒪R
n⟩

pert.th. lattice
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n

⟨T⟩ = ∑
n

Cn⟨𝒪R
n⟩

pert.th. lattice

≡ ∑
n

C̃(t)n 𝒪̃(t)n
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n

⟨T⟩ = ∑
n

Cn⟨𝒪R
n⟩

pert.th. lattice

≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪̃1(t), 𝒪̃2(t)

qi → χi(t)
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𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m

perturbative

Small-flow-time expansion Lüscher, Weisz 2011
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𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m

perturbative

Small-flow-time expansion

= ∑
m,k

ζB
nm(t)Z−1

mk 𝒪R
k

Lüscher, Weisz 2011
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m

ζnm(t)𝒪R
m
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∑
n

Cn𝒪R
n → ∑

n,m

Cn ζ−1
nm(t)𝒪̃m(t) = ∑

n

C̃n(t) 𝒪̃n(t)

𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m

perturbative

Small-flow-time expansion

= ∑
m,k

ζB
nm(t)Z−1

mk 𝒪R
k = ∑

m

ζnm(t)𝒪R
m

Lüscher, Weisz 2011
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∑
n

Cn𝒪R
n → ∑

n,m

Cn ζ−1
nm(t)𝒪̃m(t) = ∑

n

C̃n(t) 𝒪̃n(t)

𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m

perturbative

Small-flow-time expansion

C̃n(t) = Cm ζ−1
mn(t)

= ∑
m,k

ζB
nm(t)Z−1

mk 𝒪R
k = ∑

m

ζnm(t)𝒪R
m

Lüscher, Weisz 2011

 schemeMS
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∑
n

Cn𝒪R
n → ∑

n,m

Cn ζ−1
nm(t)𝒪̃m(t) = ∑

n

C̃n(t) 𝒪̃n(t)

𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m

perturbative

Small-flow-time expansion

C̃n(t) = Cm ζ−1
mn(t)

= ∑
m,k

ζB
nm(t)Z−1

mk 𝒪R
k = ∑

m

ζnm(t)𝒪R
m

Lüscher, Weisz 2011

 schemeMS

Need to compute suitable Green’s functions of the operators…



 R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

Method of projectors

𝒪̃n(t) → ∑
m

ζB
nm(t)𝒪m ⟨k | 𝒪̃n(t) |0⟩ = ∑

m

ζB
nm(t) ⟨k |𝒪m |0⟩

ideally:      ⟨k |𝒪m |0⟩ = δkm ⇒ ζB
nk(t) = ⟨k | 𝒪̃m(t) |0⟩
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Energy-momentum tensor

here:      and    =  flat metricS = SQCD gμν
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Energy-momentum tensor

here:      and    =  flat metricS = SQCD gμν

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ
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Energy-momentum tensor

Noether current of space-time translations

here:      and    =  flat metricS = SQCD gμν

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ
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Energy-momentum tensor

Noether current of space-time translations

here:      and    =  flat metricS = SQCD gμν

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

  ill-defined on the lattice!→
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

idea and NLO result: H. Suzuki ‘14

Energy-momentum tensor
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Flowed operators

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m
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Flowed operators

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m

Pn[𝒪k] = δnkprojectors:
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Flowed operators

ζnm(t) = Pm[𝒪̃n(t)]

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m

Pn[𝒪k] = δnkprojectors:
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Flowed operators

ζnm(t) = Pm[𝒪̃n(t)]

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m

Pn[𝒪k] = δnkprojectors:

𝒪1

𝒪1,μν = Fa
μρFa

νρ

e.g.
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Flowed operators

ζnm(t) = Pm[𝒪̃n(t)]

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m

Pn[𝒪k] = δnkprojectors:

𝒪1

𝒪1,μν = Fa
μρFa

νρ

e.g.

Pab
1,μν[X] ∼ δab ∂

∂pμ

∂
∂qν

X

p = q = 0
projector:
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Method of projectors

p = q = 0
=0
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Method of projectors

p = q = 0
=0

If  is a regular QCD operator, all higher orders = 0.X
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=0

p = q = 0
=0

If  is a regular QCD operator, all higher orders = 0.X
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Method of projectors

⇒ P1[𝒪̃n(t)] = ∑
m

ζnm(t)P1[𝒪m] = ζn1(t)
to all orders

Gorishny, Larin, Tkachov ’83

p = q = 0
=0

p = q = 0
=0

If  is a regular QCD operator, all higher orders = 0.X
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Energy-momentum tensor
in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

idea and NLO result: H. Suzuki ‘14



 R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

Energy-momentum tensor
in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
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4
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1
4
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ρσ(t)Fa
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𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

idea and NLO result: H. Suzuki ‘14

𝒪̃(t)
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NNLO result

RH, Kluth, Lange ‘18etc.
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Application

Entropy density:

Iritani, Kitazawa, Suzuki, Takaura 2019

μ0 =
e−γE/2

2t
μd =

1

8t
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Application to EFT

∑
n

CB
n 𝒪n

MW → ∞

= ∑
n

(Cζ−1(t))n (ζ(t)𝒪R)n≡ ∑
n

C̃(t)n 𝒪̃(t)n

 coefficientMS
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Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ → ∑
n

Cn(Q)⟨𝒪n(x = 0)⟩
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Renormalization
𝒪̃n(t) = ∑

m

ζB
nm(t)𝒪m
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Renormalization
𝒪̃n(t) = ∑

m

ζB
nm(t)𝒪m

divergentfinite

𝒪R = Z 𝒪

𝒪̃(t) = ζB(t)𝒪

𝒪̃(t) = ζB(t)Z−1Z𝒪 = ζB(t)Z−1 𝒪R = ζ(t)𝒪R

Pk[𝒪̃n(t)] = ∑
m

ζB
nm(t)Pk[𝒪m] = ζB

nk(t)

𝒪̃(t) 𝒪

UV = 0 UV + IR = 0
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Summary

•Gradient Flow is a (relatively) new tool

•Extremely successful in lattice QCD

•Perturbative approach not yet fully explored


