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Effective Field Theories

ℒ = ℒ≤4 + ∑
d>4

1
Λd−4 ∑

i

C(d)
i 𝒪(d)

i

some problems:

• many operators (SMEFT: 2499 @ dim 6)

• get a non-redundant basis (EoMs, IbP, Fierz, Schouten, …)

• determine 


• determine 

• renormalization

C(d)
i

⟨𝒪(d)
i ⟩
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n
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Example

MW → ∞ 𝒪1 = (q̄1γL
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n = ∑

n

(CZ−1)n 𝒪n = ∑
n

(CZ−1)n (Z𝒪R)n
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Perturbative Renormalization

𝒪n = ∑
m

Znm𝒪R
m 𝒪R

n = ∑
m

(Z−1)nm𝒪m
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Perturbative Renormalization

𝒪n = ∑
m

Znm𝒪R
m 𝒪R

n = ∑
m

(Z−1)nm𝒪m

Determine :   evaluate suitable Green’s functionsZ
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Perturbative Renormalization
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Perturbative Renormalization

𝒪n = ∑
m

Znm𝒪R
m 𝒪R

n = ∑
m

(Z−1)nm𝒪m

Determine :   evaluate suitable Green’s functionsZ

+Znm ( + … )  =  finite

𝒪m

𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)= δnm +

z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯

MS
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Perturbative Renormalization

Znm

independent of masses and momenta

= δnm +
z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯
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Perturbative Renormalization

Znm

independent of masses and momenta

which external momenta shall we choose?

= δnm +
z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯
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Perturbative Renormalization

Znm

independent of masses and momenta

which external momenta shall we choose?
q = m = 0?

= δnm +
z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯
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Perturbative Renormalization

Znm
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which external momenta shall we choose?
q = m = 0? But recall:
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z(1)
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+ ⋯



 R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

Perturbative Renormalization

Znm

independent of masses and momenta

which external momenta shall we choose?
q = m = 0? But recall:

∫ dDp
1

(p2 + m2)a
∼ mD−2a

= δnm +
z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯
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Perturbative Renormalization

Znm
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q = m = 0? But recall:

∫ dDp
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(p2 + m2)a
∼ mD−2a

  for   and  = 0 m = 0 D > 2a
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nm
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Perturbative Renormalization

Znm

independent of masses and momenta

which external momenta shall we choose?
q = m = 0? But recall:

∫ dDp
1

(p2 + m2)a
∼ mD−2a

  for   and  = 0 m = 0 D > 2a

meromorphic in D

  for   = 0 m = 0 ∀ D

= δnm +
z(1)
nm

ϵ
+

z(2)
nm

ϵ2
+ ⋯
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Perturbative Renormalization

Znm = 1 +
z(1)

ϵ
+

z(2)

ϵ2
+ ⋯

independent of masses and momenta

which external momenta shall we choose?
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Perturbative Renormalization

Znm = 1 +
z(1)

ϵ
+

z(2)

ϵ2
+ ⋯

independent of masses and momenta

which external momenta shall we choose?

Need to avoid infra-red divergences!
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Perturbative Renormalization

Znm = 1 +
z(1)

ϵ
+

z(2)

ϵ2
+ ⋯

independent of masses and momenta

which external momenta shall we choose?

Need to avoid infra-red divergences!

Gradient flow is a great tool to achieve this.
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Effective Field Theories

some problems:

• many operators (SMEFT: 2499 @ dim 6)

• get a non-redundant basis (EoMs, IbP, Fierz, Schouten, …)

• determine 


• determine 

• renormalization

C(d)
i

⟨𝒪(d)
i ⟩

Gradient Flow

ℒ = ℒ≤4 + ∑
d>4

1
Λd−4 ∑

i

C(d)
i 𝒪(d)

i



 R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n = ∑

n

Cn 𝒪R
n
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
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𝒪2 = (q̄1γL
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pert.th. lattice
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C̃(t)n 𝒪̃(t)n
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Example

MW → ∞ 𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

ℒeff ∋ ∑
n

CB
n 𝒪n

⟨T⟩ = ∑
n

Cn⟨𝒪R
n⟩

pert.th. lattice

≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪̃1(t), 𝒪̃2(t)

qi → χi(t)
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The QCD gradient flow

𝒟μ(t) = ∂μ − ig0TaBa
μ(t)

∂
∂t

χ(t) = 𝒟2(t) χ(t) χ(t = 0) = q

Lüscher 2010, 2013

𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

𝒪̃1(t), 𝒪̃2(t)

qi → χi(t)
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The QCD gradient flow

𝒟μ(t) = ∂μ − ig0TaBa
μ(t)

∂
∂t

χ(t) = 𝒟2(t) χ(t) χ(t = 0) = q

Gμν(t) =
i

g0
[𝒟μ(t), 𝒟ν(t)]

∂
∂t

Bμ(t) = 𝒟ν(t) Gνμ(t) Bμ(t = 0) = Aμ

Lüscher 2010, 2013

𝒪1 = (q̄1γL
μ Tq2)(q̄3γ

μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

𝒪̃1(t), 𝒪̃2(t)

qi → χi(t)
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∂
∂t

Bμ(t) = 𝒟νGνμ(t)

𝒟μ = ∂μ − iTag0Ba
μ(t)

Schematically…
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𝒟 = ∂ − g0B

Schematically…
∂
∂t

B = 𝒟 G
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𝒟 = ∂ − g0B

Schematically…
∂
∂t

B = 𝒟 G

G ∼
1
g0

[𝒟, 𝒟] ∼ ∂ B + g0B2
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𝒟 = ∂ − g0B

Schematically…
∂
∂t

B = 𝒟 G

G ∼
1
g0

[𝒟, 𝒟] ∼ ∂ B + g0B2

∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation:
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Perturbative solution

perturbative ansatz:    B = gB1 + g2B2 + …

Example:   B1(t = 0, x) = c δ(x)

B1(t, x) =
c

4πt
exp (−

x2

4t )

∂tB ∼ ∂2B + ∂B2 + B3flow equation:

:𝒪(g) ∂tB1 ∼ ∂2B1 heat equation!

+ higher orders

momentum space: B̃1(p) = e−tp2Ã(p)
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t0
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t >
width: 8t

t0
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Lattice QCD

quantum fluctuations:

Engel 2009
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Lattice QCD

quantum fluctuations: “smearing”:

Engel 2009
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Higher orders

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) Ã(p) Ã(p − q)

K(t, s, p, q) ∼ exp[ − tp2 − 2sq(q − p)]
etc.

momentum space:

perturbative ansatz:    B = gB1 + g2B2 + …

∂tB ∼ ∂2B + ∂B2 + B3flow equation:

B̃1(p) = e−tp2Ã(p)
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Higher orders

Exponential damping in momentum integrals!

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) Ã(p) Ã(p − q)

K(t, s, p, q) ∼ exp[ − tp2 − 2sq(q − p)]
etc.

momentum space:

perturbative ansatz:    B = gB1 + g2B2 + …

∂tB ∼ ∂2B + ∂B2 + B3flow equation:

B̃1(p) = e−tp2Ã(p)
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
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Feynman rules

Lμ Lagrange multiplier field

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − Δ) χ + h . c .

analogously for quarks:

ℒ = ℒQCD + ℒB

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
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Vertices

regular 3-gluon vertex
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Vertices

regular 3-gluon vertex
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Vertices

regular 3-gluon vertex

analogously for 4-gluon vertex and quarks
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⟨𝒪⟩

ℒ = ℒQCD
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⟨𝒪(t)⟩

ℒ = ℒQCD + ℒB
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Let’s calculate

⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩
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Let’s calculate

⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

at t=0 (i.e. fundamental QCD):

+ + …++

∼ ∫ dDp pn = 0
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

LO: 

t

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

→ measure  on the lattice?αs

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

Let’s calculate
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⟨E(t)⟩ ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

→ measure  on the lattice?αs

explicitly: O(↵2
s)+⟨E(t)⟩ =

3αs

4πt2

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

αs = αs(μ)

Let’s calculate
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• more loop integrals
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• more loop integrals
• integration over flow-time parameters
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• more loop integrals
• integration over flow-time parameters
• renormalization: same as fundamental QCD!
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Lüscher ‘10

resulting perturbative 

accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3 −
11
3

Ltμ) CA −
8
9

nfTR

Ltμ = ln 2μ2t + γE

μ0 =
1

8t
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Three-loop calculation

t3 t

t1

t2
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Three-loop calculation

The usual problems:

• many diagrams (NLO: 20;  NNLO: 3651)

• many integrals

• complicated integrals

t3 t

t1

t2
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Three-loop calculation

The usual problems:

• many diagrams (NLO: 20;  NNLO: 3651)

• many integrals

• complicated integrals

t3

The usual solutions:

• automatic diagram generation

• reduce to master integrals

• evaluate master integrals

Artz, RH, Lange, Neumann, Prausa ’19 

t

t1

t2
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Lüscher ‘10
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RH, Neumann ‘16

resulting perturbative 

accuracy on αs:  O(1%)

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%
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Derive αs(MZ)



 R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

Gradient-flow coupling

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]
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Gradient-flow coupling

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

≡
3

4π
α̂s(t) =

3
4

̂as(t)
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Gradient-flow coupling

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

≡
3

4π
α̂s(t) =

3
4

̂as(t)

μ2 d
dμ2

̂as(μ2) = ̂β( ̂as)
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Gradient-flow coupling

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

≡
3

4π
α̂s(t) =

3
4

̂as(t)

μ2 d
dμ2

̂as(μ2) = ̂β( ̂as)

= − ̂a2
s [ ̂β0 + ̂as

̂β1 + ̂a2
s

̂β2 + …]
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Gradient-flow coupling

⟨t2E(t)⟩ =
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[Artz, RH, Lange, Neumann, Prausa ’19]
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e.g. NNLO chromo-magnetic dipole operator:

O(4000) integrals reduced to 13 master integrals
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Approximate solution of gradient flow integrals

m

t

result for ?m ≠ 0

example:

⟨Gμν(t)Gμν(t)⟩
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Strategy of regions [Beneke, Smirnov ’97]

example:
[RH ’21]
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Strategy of regions [Beneke, Smirnov ’97]

m2t ≪ 1 ⇔ 1/t ≫ m2

= 1 + m2t (γE + log m2t) + ⋯

example:
[RH ’21]
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= 1 + m2t (γE + log m2t) + ⋯
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= 1 + m2t (γE + log m2t) + ⋯

“naive” expansion:
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assumes


k2t ≪ 1

k2 ≪ 1/t

= 1 + m2t (γE + log m2t) + ⋯

“naive” expansion:
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assumes


k2t ≪ 1

k2 ≪ 1/t

also need to integrate over  k2 ≳ 1/t

= 1 + m2t (γE + log m2t) + ⋯

“naive” expansion:
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