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Effective Field Theories

1

_ <4 (d) ;5(d)
ZL =7 +2Ad—4zci @i
d>4 I

some problems:

® many operators (SMEFT: 2499 @ dim 6)
® get a non-redundant basis (EoMs, |bP, Fierz, Schouten, ...)

e determine Cl.(d)
e determine (@l(.d))
® renormalization
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01 = (3,7, Tq:)(@37!'Tqy)
0y = (317,9)(q37)'q4)
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Perturbative Renormalization

@n = Z an@gz 65 = Z (Z_l)nm@m
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Perturbative Renormalization

@n = Z an@gz 65 = Z (Z_l)nm@m

Determine Z: evaluate suitable Green’s functions
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Perturbative Renormalization

@n = Z anﬁgft 65 = Z (Z_l)nm@m

Determine Z: evaluate suitable Green’s functions

d1 d4

q1 q4

Zom O Q\f T Kf +...) = finite

0, = (017, T9)(@311'Tqy)
0y = (317,9)(q37)'q4)
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Perturbative Renormalization

@n = Z anﬁgft 65 = Z (Z_l)nm@m

Determine Z: evaluate suitable Green’s functions

d1 d4

q1 q4

Zom O Q\f T Kf +...) = finite

01 = (317, T9)(q37)'Tqy)
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Perturbative Renormalization

@n = Z anﬁgft 65 = Z (Z_l)nm@m

Determine Z: evaluate suitable Green’s functions

d1 d4

Zom C Q\f o, K& + ..

MS
1 2
_— 6 | Z’/(m/z | Zr(lm) | @m
— Oy 7 | 5 |
€ €
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0, = (017, T9)(@311'Tqy)
0y = (317,9)(q37)'q4)



Perturbative Renormalization

1 2
di 44 7 =5nm : z,EWB : Z,fm,z .

nm € €2
q2 43 .
independent of masses and momenta
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Perturbative Renormalization

1 2
di 44 7 =5nm : Z,(m; : Z,fm,z .

nm € 62

92 g3
independent of masses and momenta

which external momenta shall we choose?
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Perturbative Renormalization
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92 g3
independent of masses and momenta

which external momenta shall we choose?

g=m=07?
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Perturbative Renormalization
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Perturbative Renormalization

1 2
di 44 7 =5nm : Z,fmz : Z,fmz .

nm € €2
q2 43 .
independent of masses and momenta

which external momenta shall we choose?

g=m=07 Butrecall:

J'de 1 N mD—2a
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Perturbative Renormalization

1 2
di 44 7 =5nm : Z,fmz : Z,/(mz .

nm € €2
q2 43 .
independent of masses and momenta

which external momenta shall we choose?

/ =0 form=0 and D > 2a

g=m=07 Butrecall:

J'de 1 N mD—2a

(p2 4 m2)a
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Perturbative Renormalization

q1 44 Z(l) Z(

92 g3
independent of masses and momenta

which external momenta shall we choose?
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Perturbative Renormalization

q1 44 Z(l) Z(

92 g3
independent of masses and momenta

which external momenta shall we choose?

Need to avoid infra-red divergences!

tttttttttttt
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Perturbative Renormalization

7| Q4 ) @

nm € 62
q2 43 .
independent of masses and momenta

which external momenta shall we choose?

Need to avoid infra-red divergences!

Gradient flow Is a great tool to achieve this.
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Effective Field Theories
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q1 g4 O, =(q 1?’,5 TQz)(%}’fT%)
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q1 g4 O, =(q 17; TQz)(%}’fT%)

_> _ B
d W S 42 Q\f 0, =(q 17’[[ 42)(61375614)
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u . My @ 0 0, = (3,7 T:)(G3r"Tqs)

_> _ B
d W S 42 Q\f 0, =(q 17’[[ 42)(61375614)

L efp 3 Z Gy, 0, = Z C(), O(1),
(T) = ), COy)
i / \Iattice
pert.th
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q1 g4 O, =(q 17; TQz)(%}’fT%)

_> _ B
d W S 42 Q\f 0, =(q 17’[[ 42)(61375614)

q; = xi(1)

L o D ZCB@ =

> C), 60),
" 0 ,(1), O(1)
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The QCD gradient flow tischer2010 2012

0, = (417,957} )

D (1) =0, —i1gyT"B (1)

q; = xi(1)

0,(1), O,(1)

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023 | RWTH

oooooooooooo



The QCD gradient flow tischer2010 2012

0, = (417,957} )

D (1) =0, —i1gyT"B (1)
q; = x:i(1)

0
—B,() = 2,(1) G,,,(1 B1=0)=4, 010, 0,00

G, (1) = —I[D (1), D,(1)]
80
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Schematically...

0
EB//!(ZL) — @UGyﬂ(t)
D, =0, — iT'g B(?)
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Schematically...
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80

flow equation: 9 B ~ 0B + g,0B> + g2B°
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Perturbative solution

flow equation: 0B ~ 0°B + 0B* + B’

perturbative ansatz:. B = gB; + g°B, + ...
O(8): 0B, ~ 02B1 heat equation!
momentum space:  B(p) = e_tpzAv(p)

Example: B(t = 0,x) = c o(x)

B(t,x) =

eXpl| —— + higher orders

C
\/ 4t 41
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t > t0

width: A/ 8¢
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Lattice QCD

quantum fluctuations:

Engel 2009
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Lattice QCD

quantum fluctuations: ‘'smearing "

Engel 2009
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Properties and uses of the Wilson flow in lattice QCD

Martin Luscher (CERN and Geneva U.)
Jun 23, 2010

21 pages

Published in: JHEP 08 (2010) 071, JHEP 03 (2014) 092 (erratum)
e-Print: 1006.4518 [hep-lat]

DOI: 10.1007/JHEP08(2010)071, 10.1007/JHEP03(2014)092

Report number: CERN-PH-TH-2010-143

View in: AMS MathSciNet, ADS Abstract Service, CERN Document Server

pdf - cite 5) 702 citations
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Higher orders
flow equation: 0B ~ 0°B + 0B* + B’

perturbative ansatz:. B = gB; + g°B, + ...

momentum space: Bl(p) = e_tpzzgx(p)

[

By(t,p) = J dst“q K(t,s,p.q) A(p) A(p — q)

0
K(t,s,p,q) ~ exp| — tp* = 2sq(q — p)]

etc.
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Higher orders
flow equation: 0B ~ 0°B + 0B* + B’

perturbative ansatz:. B = gB; + g°B, + ...

momentum space: Bl(p) = e_tpzzgx(p)

[

B,(t,p) = J dSJd“q K(t,s,p,q) A(p) A(p — q)

0
K(t,s,p,q) ~ exp| — tp* = 2sq(q — p)]

etc.

Exponential damping In momentum integrals!
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Feynman rules

3:°CZQCD+°CZB
v VU

SZBNJ' a1, (98,-2,G,)

Lﬂ Lagrange multiplier field
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Feynman rules

3:°CZQCD+°CZB M,M,S

o0 5ab <5 5pﬂpy> e—(t+s)p2
Sy~ | L, (0B,-92,G,) 7\

0

Lﬂ Lagrange multiplier field
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Feynman rules
g — gQCD + 38
UV UU

N J s, (98,- 2,

Lﬂ Lagrange multiplier field

)

O0000000000D
“7a’7t V7b78

b
0 <5 5pﬂpy> e—(t+s)p2
24 p2

O0000000000
M?a’7t V)b)'s

8Oy O — 5) €=

"gluon flow line”
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Feynman rules

g:gQCD'l'gB M,M,s

- sab <5 51@]%) (et
Ly~ J drl, (atBM _ gyGyﬂ) 7\

0 4—
L, Lagrange multiplier fielo , Sgoeeeeento

8Oy O — 5) €=

‘gluon flow line”
analogously for quarks:

& "’J dti(0,—A)y+h.c.

tttttttttttt
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Feynman rules

2L =Zopt L+ 2, M,M,s

- sab <5 51@]%) (et
Ly~ J drl, (atBM _ gyGyﬂ) 7\

0 4—
L, Lagrange multiplier fielo , Sgoeeeeento

8Oy O — 5) €=

‘gluon flow line”
analogously for quarks:

& "’J dti(0,—A)y+h.c.
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Vertices

W, a,l V,b,S

regular 3-gluon vertex CU000000000
l’l'7 a’7t Va bas

Institute for
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Vertices

W, a,l V,b,S

regular 3-gluon vertex CU000000000
l’l'7 a’7t V) bas

q,v,b

T7p7c
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Vertices

W, a,l V,b,S

regular 3-gluon vertex CU000000000
l’l'7 a’7t Va bas

q,v,b

T,p,C

o0

ds (51/,0(T — Q)IL + 25,qu,0 _ 25upru

+ (5 = 1)(0ppqu — 0prp))

analogously for 4-gluon vertex and quarks
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QCZ — gQCD

Lﬂ/ (0)
¥
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Let’s calculate

1
(E() = (GG ()
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Let’s calculate

1
(E() = (GG ()

at t=0 (i.e. fundamental QCD):
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Let’s calculate

1
(E() = (GG ()
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Let’s calculate

1
(E() = (GG ()

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

ttttttttttt
Theoretical
Particle Physics
oooooooooooo



Let’s calculate
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Let’s calculate

1
(E() = (GG ()
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Let’s calculate

1
(E() = (GG (D)

. 3aS
explicitly: (E(t)) = T O(aQ)

tttttttttttt

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023 e e l RWTH

oooooooooooo




Let’s calculate

1
(E() = (GG (D)

pe
OLLLLI LI
W, a,t v, b, s
- 3a
explicitly: (E(1)) = .
T

— measure a, on the lattice?
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Let’s calculate

1
(E() = (GG (D)

LO: D e
CU000000000
W, a,t V,b,s
- 3a
explicitly: (E(1)) =

A7t

— measure a, on the lattice?
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Higher orders
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Higher orders
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Higher orders

e—th2
L[kp“kz(p — k)*

® more loop Integrals
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Higher orders

t e—(2t—s)p2
~ i
e K e e

® more |oop Iintegrals
® ntegration over flow-time parameters
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Higher orders

t e—(2t—s)p2
~ i
e K e e

® more |oop Iintegrals
® ntegration over flow-time parameters
® renormalization: same as fundamental QCD!
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(1*E(1)) =

3a (1)

4r

1+ ky(t, 1) o ()]
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Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on as: + 3-5%

PDG: = 1%



Three-loop calculation
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Three-loop calculation

The usual problems:
e many diagrams (NLO: 20; NNLO: 3651)

® many
® compl

ntegra

cated

S

integrals
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals

tp

N
¢ ox Qi at DD
teman) = (T[ [T ay) [ bt
F=170 p1.p2,p3 P1 P2 "P3 "P4 Ps DPs

tttttttttttt
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals sz
® complicated integrals

2n1 _2n9o 2n3 2n4 2ns5 2ng

N u
[(t,n,a, D) = H / v dt ¢ / exXp|D i j OkijtkPiPy]
The usual solutions:
® automatic diagram generation
® reduce to master integrals

® cvaluate master integrals
Artz, RH, Lange, Neumann, Prausa 19
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(1*E(1)) =

3ay(p)
4r
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3a (1)
A

(FPE(D) = 1+ ky (2, 1) a(u) + Kyt ) ()|

RH, Neumann ‘16

0.50 —

0.40 —

0.30 —

0.20 —

resulting perturbative
accuracy on as: O(1%)

0.05 —

PDG: + 1%
0 0.25 0.5 0.75 : 1.25 15 1.6
J8t /GeV™
““. Institute for nwn'
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Derive a (M)

t*(E(t)) - 10*

qs 2 GeV 10 GeV my

as(mz) || np=3|np=4|np=3|nfp=4 | np=5|nrp=3|ns=4|ny=
113 744 759 424 446 456 267 285 299
1135 793 764 426 449 459 263 286 301
114 762 773 429 452 462 269 287 302
1145 771 782 432 455 466 270 289 303
115 730 792 435 458 469 272 290 305
1155 739 802 438 461 472 273 291 306
116 798 811 440 465 476 274 292 308
1 808 821 443 468 479 275 294 309
A17 813 832 446 471 433 276 295

1175 827 842 449 474 436 277 296
118 837 852 452 478 490 278 298
1185 847 863 455 431 493 279 299
119 808 874 457 434 497 280 300
1195 863 889 460 438 500 281 301
12 879 896 463 491 504 282 303

o))
oy

el a e e i S i
© 00 O Tl N =
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Gradient-flow coupling

(I*E(1)) =

3a (1)

A

1+ Ky (2, 1) () + k(8 1) ()|
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Gradient-flow coupling

3a (1)
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Gradient-flow coupling

3a (1)

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023

tttttttttttt
Theoretical
Particle Physics
oooooooooooo



Gradient-flow coupling

-B(ag)/as

ds
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ST

I n teg rat i o n - by' pa rtS rel at i o n s Karlsruhe Institute of Technology

® After tensor reduction, we end up with many scalar integrals of the form

(87}, {Ti (@) = (H [ dtf) / expl—(gg SRR )

k19°'°7kL N

with g; linear combinations of k; and 7; linear combinations of ;, e.9. g1 = k1 —kpand Ty =t + 24 — 13
® Chetyrkin and Tkachov observed [Tkachov 1981; Chetyrkin, Tkachov 1981]

o (.. 1
— | & -0
o (miar)

= Linear relations between Feynman integrals
® Can easily be adopted to gradient-flow integrals
® Additional new relations for gradient-flow integrals: [Artz, RH, Lange, Neumann, Prausa '19]

tP

/ " dto,F(t,..) = F(£®,...) — F(0,...)
0
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Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(as,a,az)+ (a1 —a)l(a; +1,a —1,a3) +(2as + a; — ax)l(a; + 1,a,a3 — 1)
® Rarely possible to find general solution like

/(31,32, 33) = a1 /(31 — 1, ao, 83) + (d + a4 — 62)1(31,32 — 1,33) —+ 283/(31, ao, dz — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® |nsertseeds{a; =1, ac=1,a3 =1}, {as =2,ao=1,a3 =1}, ...:
0=(d—1)/(1,1,1)+ 1/(2,1,0),
0= (d—-2)I(2,1,1)+ /(3,0,1) — (3,1, 0),

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals
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4]}

Laporta algorithm

® Schematically integration-by-parts read
0=(d—a)l(ay,a,as)+ (as —a)l(a; +1,a —1,a3) + (2as + ay — a»x)l(a; + 1,a,,a3 — 1)
® Rarely possible to find general solution like

/(31,82, 83) — aj 1(81 — 1,82, 33) + (d + a4 — 32)1(31,32 — 1,33) -+ 233/(31, do, d3 — 1)

® |nstead set up system of equations and solve it [Laporta 2000] :
® Insert seeds {31 =1, a=1a = 1}, {31 =2, & =1,a3 = 1},
0=(d—1)/(1,1,1)+ /(2,1,0),
0= (d—-2)I(2,1,1) + /(3,0,1) — /(3,1,0),

e.g. NNLO chromo-magnetic dipole operator:
O(4000) integrals reduced to 13 master integrals

® Solve with Gaussian elimination
—> EXxpress integrals through significantly smaller number of master integrals

Institute for Theoretical Particle Physics and
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Approximate solution of gradient flow integrals

example:

(G,,(0G,(D))

result for m % 07
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Strategy Of regiOnS [Beneke, Smirnov '97]

example:

3 ,
S(1) = ROX(W) = 5 f(m?,1)  [FH21

ttttttttttt
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Strategy Of regions [Beneke, Smirnov '97]

example:
3 ,
S(1) = ROX(W) = 5 f(m?,1)  [FH21

2 e 2, m?t 2
mo i) =1 =1 -—mie 1 (D mi
k

k% + m?

tttttttttttt

R. Harlander, Perturbative Gradient Flow, Bad Honnef 2023 e s

oooooooooooo




Strategy Of regions [Beneke, Smirnov '97]

example:
3 )
S(1) = (ROX(W) =~z f(m*p) R 211
2t .
X () x(¢)
f(m?,1) =t/ i 1 — m2te™ (0, m%r)
m-,t) = - m-te ,m

F(S,x):/ iy

tttttttttttt
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Strategy Of regions [Beneke, Smirnov '97]

example:

S(t) = (®x (1)) =

3m
Sr2t?

f(mz, t) [R ’21]
X(t)x(¢)

—tk?
f(m?,1) = f/ k§+ e mztemth(O, m?t) = 1+ m?t (g/E+ logmzt) 4 e
k m
T

it 2 2
F(S,X) :/ du us—le—u mitr<<l] © 1/t>m
X

tttttttttttt
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—tk?
f(m*,1) = l‘/ : — = mztemztr(O, m’t) = 1+ m?t (;/E + log mzt) 4 ...
k

k% + m?
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—thk?

f(m*1) = l‘/ k§+ s 1 mztemztr(O, m’t) = 1+ m?t (;/E+ logmzt) 4 ...
k m

‘naive’ expansion:

f(ii) (mz,t) = ti (=) /—kzn = mzt —l —1+yg+In m2 €m2t
= h n! k k2 +m2 €
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—tk?
f(mz,f) = l‘/ k§+ = ] — mztemztr(O, mzt) = 1 4+ m?t (;/E+ log mzt) 4 ...
k m

‘naive’ expansion'

daSsSumes
(ii) (..2 (- t)n i 2 1 2| m?t kzt 1
Il f)_fz e o ERRE )  T m m  nag E <<
. i k2 < 1/t
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—thk?

f(m*1) = l‘/ k§+ s 1 mztemth(O, m’t) = 1+ m?t (}/E+ logmzt) 4 ...
k m

‘naive’ expansion:

. assumes
(i) .. 2 (1) : y) 1 2| m?t kzt ]
/] (’71,1)212 ' PRt L ———1l+yg+Ilnm|e <
g n! r k= +m € k2 < 1/t

also need to integrate over k? > 1/t
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—tk?
f(mz,f) = l‘/ k§+ = ] — mztemth(O, mzt) = 1 + m?t (}/E+ log mzt) 4 ...
k m

‘naive’ expansion'

2 | dSSUIMmes

l. n n

U (m?, 1) = ZZ i ) / =m*t |-— — 1 + yg + Inm? ™! k't < 1
K k= +m? . k* < 1/t

also need to integrate over k? > 1/t

—tk2 00 -
f( )(111 t) . IZ( —m )n 1/ . Z(—1712)n_ltn_l+€F(D/2 n)
n=1

ko ['(D/2)

|
= 1 + m?t (—

3

= e Z(mzt)z +

+Int + l)em
€

tttttttttttt
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