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Motivation

Consider walking in the alps along a path x(7)
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Motivation

Consider walking in the alps along a path x(7)

d _ dV
f —Xx(1) = —a—

dt dx

= you walk towards the valley

ot 0 5S[B]
Application to QCD: —B,(1) = —

ot 6B, (1)

[: flow time
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Motivation

Consider walking in the alps along a path x(7)

d _ dV
f —Xx(1) = —a—

dt dx

= you walk towards the valley

licati to QCD —a (t) = — [ ] = (t)G (t)

A ication 1o :

PP ot H éBﬂ(t) g “H
I flow time
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f —Xx(1) = —a—
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Application to QCD 0 (1) il D ()G, (1)
ication to : — = — —
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- Bu1) =20 G, (1) B(1=0)=A4,

G, (1) = —I[D (1), D, ()]
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—B,(1)) = 2,() G, (1) B(r=0)=A,

G, (1) = gi[@ﬂa), DD~ IB() + gyBX(1)
0

2 (1) =0, —igyB,(1) ~ 0+ goB(7)



0
—B,(1)) = 2,() G, (1) B(r=0)=A,

G, (1) = gi[@ﬂa), DD~ IB() + gyBX(1)
0

2 (1) =0, —igyB,(1) ~ 0+ goB(7)

0,B ~ (0 + g,B)(0B + g,B*) ~ 0°B + g,0B* + g:B°



Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ
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Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...
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Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)
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Perturbative solution

flow equation: 0,B ~ 0°B + goﬁBz n ggB3 Bﬂ(t = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)

cf. heat equation: 0, u(t) = Au(r)
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Perturbative solution

flow equation: 0B ~ 0’B + gOde + g3B3 Bﬂ(t =0) = Aﬂ

perturbative ansatz: B=B+g)B,+ ...

momentum space: Bl(t,p) — e‘tpzﬁ(p)

cf. heat equation: 0, u(t) = Au(r)
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Perturbative solution

flow equation: 0,B ~ 0°B + gode + 8333

perturbative ansatz: B=B+g)B,+ ...

momentum space: Bl(t,p) — e‘tpzﬁ(p)

cf. heat equation: 0, u(t) = Au(r)
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Perturbative solution

flow equation: 0,B ~ 0°B + gOde n ggB3 Bﬂ(t = () = Aﬂ
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Perturbative solution

flow equation: 0,B ~ 0°B + goﬁBz n ggB3 Bﬂ(f = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)
t

B,(t,p) = j dSJd“q K(t,s,p,q) A(p) A(p — g)
0

K(t,s,p,q) ~ exp| — tp* = 2sq(q — p)]

etc.

—xponential damping in momentum integrals!
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The gradient flow

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

R. Harlander, Gradient Flow, Lattice Practices VWorkshop, Julich 2026



The gradient flow

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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Lagrangian formulation

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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Lagrangian formulation

0
flowed gauge field: EB”(L x)=2,G,(1,x) 2 =ZLocpt+ Lt 2,
Bﬂ(t =0,x) = Aﬂ(x)

SZBN[ art, (98,-2,G,,)

1 V7
0

flowed quark field: <L, ~ J dtxl_(at _ 92))(4- h.c.
0

Luscher, Weisz 2011
Luscher 2013

lllllllllll
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0

4_
(50000000000 00y, O(F — 5) e~ (=9
W, a,t V,b,s

“gluon flow line”

~ (0| TL!(t,x) BX(s5,0) | 0)

tttttttttttt
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Perturbative approach

%NJ art, (98,-2,G,,)

12 77
0
4— 2 ab 2
CUTE0000000) B0, Ot — 5) e~ =P ST (5,w i ) o=+
:uaafat I/,b,S w,a,t l/,b,S p2 p2
“gluon flow line” ,
~ (0| TL(1.x) B2(5,0)| 0) ~ (0| T Bj(t,x) B)(s,0)| 0)
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Perturbative approach

%NJ art, (98,-2,G,,)

VUl
0
<+ ()2 5 puDy )
O00000000600 B0, O — 5) e~ 1F OB0B0000000 > <5ﬂy — = > > e (P
W, a,t V,b,s w,a,t U, b,s P P
‘gluon flow line” ,
~ (0| TL(1.x) B2(5,0)| 0) ~ (0| T Bj(t,x) B)(s,0)| 0)
q,v,0 : 00
—ig f*° ds ((5Vp(7° — @)y + 2009 — 20,7
0

r7p7c

+ (8 = 1)(Oppqu — Opup))
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Perturbative approach

etc.

h.c.
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Renormalization

bulk (z > 0) is UV regulated = F=Zocn+ L+ 2,

renormalization of QCD parameters N

unaftected P~ J dtL, (()tBﬂ _ @yGW>
0

- | gx“’[ dti(0,—2*) y+h.c.
renormalization of flowed fields: 0

o . LUscher 2010
B, (1) = Z; Bﬂ(t) g = Z, Luscher, Weisz 2011

xR =72 4(1)
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Let’s calculate

1
E() = (G (0G“(1)
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Let’s calculate

1
E() = (G (0G“(1)
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Let’s calculate

I v GOOTTTTTTTD 5 PuPv\  _(i1s)p?
E(f) — Z<G'm/(t)G M (t)) ( U S ) e

%)

p,a,t v,b,s  p? p?

R. Harlander, Gradient Flow, Lattice Practices VWorkshop, Julich 2026



Let’s calculate

1 5 Pulu\ (o
E(1) = Z(Gjy(t)G“’” “(1) U, a,t vbs  p? (5”” 3 ) e

D —2tp2 ~ l.—2+€ =+ O

ttttttttttt
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Let’s calculate

1 ST 5 PuPv\  _iiep?
E(t) = Z(Gﬁy(t)Ga’ﬂy(t» u,a,t v,b,s  p2 (5”” ] p? ) e
LO:
explicitl E(7) 5% +  O(a?
xplicitly: — Q
Art? (@)

tttttttttttt
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Let’s calculate

1 SSECEEET 5 Pulu\ (o
E(?) = Z(Gﬁy(t)Ga’ﬂy(t» W, a,t v,b,s  p? (5’w - p? ) e
LO:
- 3 , |
explicitly: E(r) = - + Oas) — measure as on the lattice?
T

tttttttttttt
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Let’s calculate

1 SSECEEET 5 Pulu\ (o
E(?) = Z(Gﬁy(t)Ga’ﬂy(t» W, a,t v,b,s  p? (5’w - p? ) e
LO:
- 3 , |
explicitly: E(r) = - + Oas) — measure as on the lattice?
T
ag = au)

tttttttttttt
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Higher orders
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Higher orders
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Higher orders

) Jl,,[kp“kz(p—k)2

® generalized loop integrals
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Higher orders

e—th2 4
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
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t°E(t) =

3a (1)

4r

1+ ky (2, 1) o ()]
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8

Lt//t = In 2ﬂ2t + e
1

NG

resulting perturbative
accuracy on ds: =+ 3-5%

Ho

PDG: = 1%



Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

EXP _—t (a1(u)l712+ ---+a6(u)p62)]

1
— dl/ll- l/l.ci Jde de de -
(HL ’ ) e (PP =+ (pg)™e

=1

tttttttttttt
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (611(M)P12+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
oP identities: -+ I(c;a,b) = Dé;I(c,a.b) + ) I a,b)

0
a—](c, a,b) =I1(c’,alu=1),b")—I(c’,a(u =0),b")
U;

Artz, RH, Lange, Neumann, Prausa 2019
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (al(u)l?%+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
oP identities: -+ I(c;a,b) = Dé;I(c,a.b) + ) I a,b)

iI((:, a,b) =I1(c’,alu=1),b")—I(c’,a(u =0),b")

ou; Artz, RH, Lange, Neumann, Prausa 2019

Huge systems of linear equations, solved by “master integrals”.
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

: . . . Usovitsch, Uwer, Maierhtfer 2017
reduction to masters: Kira @ FireFly ® Klaopert, Klsin. Lange 2019
Chetyrkin, Tkachov 1981
Laporta 2000

! ~tp*—=s(k—p)” A B
e D D €
sector decomposition: d”k [d"p | ds—— —=—+—+C+..
Binoth, Heinrich 2002 o kpik—p) € €
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1

[1]

du; u;’ Jdel d°p,d"p,
i=1 v0
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1

[1]

du; u;’ Jdel d°p,d"p,
i=1 v0

C1:C2:O
Cll =u11/l2, a2=u2, a3=u2—u1u2
a4=1, a5=1+u1u2, a6=1—u2

my = - =mg=0
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1 exp | —t (al(u)plz+ ---+a6(u)p62)

[1]

du;u;' [del d°p,d"p,
i=1 0

(Pt +mp)’ -+ (pg + mg)”s

C1:C2:O

=Wy, dy=U, d3=1U, = Ui, .
ftint RH, Nellopoulos, Olsson, Wesle ‘24

(based on pySecDec)
Heinrich, Magerya, Kerner, Jones, ...

a4=1, a5=1+u1u2, a6=1—u2

my = - =mg=0
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e, CXp | —1 (“1@!)}712 "‘"“"616(”)]762)
du; u.’ [a’ p;d"p,d"p;, - -
! (pt +mp) - (p¢ + mg)s

1

[1]

i=1 "0

Cl e C2 — O
al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2 .
ftint RH, Nellopoulos, Olsson, Wesle ‘24

a=1, a:1+uu9 azl_u
4 5 142 6 2 (based on pySecDec)

bl — b4 =1 Heinrich, Magerya, Kerner, Jones, ...
my = - =mg=0

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),
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Luscher 2010

52 22 8
?+?ln2— 31n3 CA—gnfTR+ﬁoLw

Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on ds: =+ 3-5%

PDG: = 1%



3a(u)

PE() = —— [1+ k(1) () + kot ) a5 ()
RH, Neumann 2016

0.30 —

_jol . “Inco| A]nnLo

z _

0.20 —

resulting perturbative
accuracy on as: O(1%)

t°(E(t))

0.10 —

0.05 —

PDG: = 1%
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t°E(t) =

3o (1)
A

0.50 —

0.40 —

0.30 -
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0.10 —

t*(E(t))
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order
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o
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t°E(t) =

3ay(u)
4r
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0.40 —

0.30 -

0.20 —

0.10 —
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3a (1)

3
12E(1) = 1+ k(6 ) o) + k() ag()| - =7-800 = 24,0

4r

Va\

a0 = fay
ai T

— = 1-loop

—— - 21 _2lp Lap L mp
oop : — aS [ﬁo -+ asﬂl + asﬁz + .. ]

p - .00"’ ‘4" ﬁ
5-loop MS
3-loop GF
| GF specific
depends on k,

universal

-B(as)/ as2

O 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
dg

Particle Physics
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Determine A cp

This work - | * |
Wong 23 (prelim) -
Dalla Brida 19- SO

Ishikawa 17 - %5 |
Kitazawa 16 - e :
Brambilla 10 - | 5 |
QCDSF/UKQCD 05- ey
ALPHA 981 " a

052 054 056 058 060 062 0.64

AV 810 MS

Hasenfratz, Peterson, van Sickle, Witzel (2023)
see also Wong, Borsanyi, Fodor, Holland, Kuti (2023)
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
poerturbation lattice

renormalization
theory schemes?
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Application to effective field theories
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perturbation / attice
(1))

renormalization
schemes”
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Instead: R = Z C (1

gradient flow
renormalization
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(O, (1)) is UV finite :liné(@n(t)) exists!

— need C(t)

tttttttttttt
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Short flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)

tttttttttttt
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Short flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
~ -0
short flow-time expansion: O, (1) > Z c..(1) O,
LUscher, Weisz 11 m
Suzuki '13
LUscher 13 t—0

Cut)'= ) Crl®)

= need (. (f) forsmallt = perturbation theory

tttttttttttt
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

tttttttttttt
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

p:m:() p:m:O

only tree-level diagrams survive on r.n.s.
Gorishnii, Larin, Tkachov ‘83

tttttttttttt
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Example: Meson mixing

b

B
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Example: Meson mixing

b

B

|

q
Heff ™~ Z Cn @n

tttttttttttt
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Example: Meson mixing
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Example: Meson mixing

q b
Hg~ ) C,0, =Y C1),00),

O, = (E}/l];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter

=Y #)(B| 0,(1)| B
AN

poerturbative lattice
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Bag parameter
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Bag parameter

1.00

(.95 -

(.90 - I Lattice Data
§ NLO ¢

{).85 1

R

075 - 1(l‘)( O(1))
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Bag parameter

= 3 Gel
1.00
(@(t)) aaaAREEAEALEEEE] Black, RH, Lange, Rago, P.‘H
AL EELE ' '
0.95 ) - ﬂ“wm Shindler, Witzel (2023) CRC TRR 257
e
().90 - t"“ § Lattice Data

& NLO(
p  NNLO ¢

{).85 1

R

.75 -

(].T(] ! ! ! !
(.0 (.2 0.4 0.6 0.8
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(6.(1)) is UV finite =>1in%<@n(t)> exists!
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= Lorentz invariance preserved!
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Application to effective field theories

Observable: R = Z C (0O, )

perturbation —j & lattice
theory \ /

Instead: R = Z Cn(t)(én(t))

(6.(1)) is UV finite =>1in%<@n(t)> exists!
= Lorentz invariance preserved!

application:  energy-momentum tensor  Suzuki ‘13
parton density functions  Shindler ‘24

tttttttttttt
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Energy-momentum tensor

2 0S

1) = T S

here: § = Socp and gM = flat metric

tttttttttttt
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Energy-momentum tensor

2 0S

L) = 102 5gmw ()

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—(% @1,//”/()(:) — Z@Z’MU(X) + 2@39/41/()6)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4
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Energy-momentum tensor

2 0S

H ) = P S @)

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—g @1,//”/()(:) — Z@Z’MU(X) + 2@3#1/(.)(:)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4

Noether current of space-time translations
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Energy-momentum tensor

2 0S

H ) = P S @)

here: § = Socp and gM = flat metric

1 | |
T//tl/(x) — g—(% @1,//”/()(:) — Z@Z’ﬂU(X) + Z@B’ﬂy(x)
a a — a a — < <
@LMV =r ﬂPF Up @2,/41/ — 5/WF paF po @?%W -V <yﬂD y T }/,,DM) 4

Noether current of space-time translations

— |ll-defined on the lattice!
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Energy-momentum tensor

in QCD:
T _ ! 0 : 0 : 0
/,u/(x) - g_g l,ﬂy(x) T Z Z,ﬂy(x) 1 Z 3,/41/()6)
O = Fuptp
@2,/41/ — 5/41/F gaF ,ga

B g g
@3,,uv =y (yﬂDy + }/I/D//t> 4
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — —2 @lal/ﬂ/(x) - Z@Za/’w(x) + 2639/“/()6)
80

O = Fuptp

@2 JAU — 5/41/F gaF ,ga
- — o~

@3,,uv =y (yﬂDy + }/I/D//t> 4

g
@4,/41/ — ,uvl/jlpl//
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — g—g @1,/41/()6) - Z@Q”'MU(X) + 263,/41/()(:)
@1,/41/ — FZngp 61,/41/(0 — F/jlp(t)ng(t)
@2,/41/ — 5/41/F56F50 62,I1,t1/(t) — 5ﬂngg(t)Fgg(t)
< < ~ _ g <

@3,,uv =y (yﬂDy T yI/D,u) ' 4 @3,/41/0) = l//(t)(y,uDy(t) T ny,u(t)> l//(t)
O = 8, 7Dy 64,1 = 8, 5D (1) (1)
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Energy-momentum tensor

in QCD:
1 1 1
T//tl/(x) — —2 @Lﬂy(X) - Z@Q”/’W(X) + 263,/41/()(:)
50
@1,/41/ — FZngp 61,,1,t1/(t) — F/jlp(t)ng(t)
@2,/41/ — 5/41/F56F56 62,I1,t1/(t) — 5ﬂngg(t)Fgg(t)
< < ~ _ g <
@3,,uv =y (yﬂDy T yI/D,u> ' 4 @3,/41/0) = l//(t)(y,uDy(t) T ny,u(t)> l//(t)
O = 8, 7Dy 64,1 = 8, 5D (1) (1)

4

T,,x) = ) ¢,(D0,,,(x)

n=1

idea and NLO result: H. Suzuki ‘14
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NNLO result

c1(t) = %{1 | (49;)2 :—gCA + gTF — bo L(Mat):
| (4‘2;1)4 : — B1 L(p,t) + C5 < 13:)1?2 1?2;16 In2 A 1137 In 3)
+ CATFE (599Liz (%) | 1(;13;3 | ;?1772 2173753 In 2 4 34052 ln3>
) CFTF( QSGLiQ ( i ) : 2150887 gﬂg 186 - 11681 - 3)
+ (’)(96)} , L(p,t) =1In (2u2t) + YE
elc. RH, Kluth, Lange ‘18
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Application

. 4 1
Entropy density: e+p= —3 Too(x) — ZTW(QJ‘)

e_yE/2 1
Ho = Py = ——
\/ 21 \/ 81

T/Tc=1.68 (NLO) u = ug T/Tc=1.68 (NLO) u=puqy

¥ 643x12 B Range-1 ¥ 643x12 B Range-1

5.6 § 963x16 $® Range-2 5.6 - § 963x16 $® Range-2

¢ 1283x20 A Range-3 $ 1283x20 A Range-3

N 481 g

0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.000 0.005 0.010 0.015 0.020 0.025 0.030

tT? tT2

Iritani, Kitazawa, Suzuki, Takaura 2019

Institute for

R. Harlander, Gradient Flow, Lattice Practices VWorkshop, Julich 2026 Partcis Payskoe

and Cosmology




Application

. 4 1
Entropy density: e+ p = —3 <T00(:1;) — ZT‘“‘(x)>
e VE? — L
Ho = \/2_1‘ Ha = \/@
T/Te = 1.68 (N2LO) 1 = Lq T/Te=1.68 (N2LO) i = Ly
¥ 643x 12 B Range-1 ¥ 643x12 B Range-1

$ 963x16 ® Range-2 .01 $ 963x16 ® Range-2
¢ 1283x20 A Range-3 $ 1283x20 A Range-3

0.000 0.005 0.010 0.6125 0.020 0.025 0.030 0.000 0.005 0.010 0.6125 0.020 0.025 0.030
tT tT

Iritani, Kitazawa, Suzuki, Takaura 2019
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Gradient flow for parton distribution functions: first application to the pion

Anthony Francis,! Patrick Fritzsch,? Robert V. Harlander,?> Rohith Karur,*®
Jangho Kim,® Jonas T. Kohnen,®> Giovanni Pederiva,” ® Dimitra A. Pefkou,*®:*
Antonio Rago,? Andrea Shindler,®> % T André Walker-Loud,>* and Savvas Zafeiropoulos!®

Institute of Physics, National Yang Ming Chiao Tung University, 30010 Hsinchu, Taiwan
D~ 1 1 A AT .1 .. e —~ 11 —~ 11 —~ T 7. r 1 1
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=2 GeV

0.5 - Theory/Lattice

¥ this work 7, — n—
Ii% Expt./Pheno. <'CB 1>Q(/’l’) — dxx ' Q(x7 l’l’)

0.4 - T JAM
&  xFitter
0.3- L FANTO obtained from matrix elements of:

5
0.2 1 §§¥ I O;S(x) — ’in_lzﬁrv{ul?uz e T))Mn}@bs(iv)
0.1- l 5§}
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The gradient flow scheme

1= 3Ge\
AT ~ ) CR(1) (O (1) I
0.95 9 ot""mﬂ“ <@(t>>
n
R 1 ~ 0.90 + ‘3"““"‘ § Lattice Data
= ¥ R | £ 10,)0) e
. 85 - :

preliminary
0.0 0.2 0.4 0.6 0.8

0.70
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The gradient flow scheme

1.00
n (//t) < n >(//t) 0.95 1 | C l(ta /’t) guama st S #‘7@(1‘)>
n st
R _1 " (.90 4 *3"“ § Lattice Data
— Z Cn (//t) l(: (t,ﬂ)(@n>(t) e % EI\}&L
n N
0804
,m SreaeTee o 2000eec00e0es o tee0eePeeceototttatan:
U.75 1 é/_l.(taj/t <@(t)> ----:::::EEEE:"‘“"z’-'::::.-.--_-.ssg
. prellnllnary
U.‘U(].(] (]."2 U.'-l (].'(i (].'S
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The gradient flow scheme

AT ~ ) CR(u) (OR) () | ST —
0.95 | Z: ( 9/4) PR <@(t)>
n a2
R _1 ~ 0.90 + *,"“ § Lattice Data
= Y CRw |0 ] b o
" (.85 - :
=2, [C5 (e _1("””] (O
" 0:755 4'_1.(1‘, w{O()) e e
. prehmlna'ry | | |
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The gradient flow scheme

it =3GeV
R R 1.00
Al" ~ 2 G, (1) (O, ) (1) s () J— ﬂ“?wé(t» s
) R 1 ~ 0.90 + *,"““‘t‘ § Lattice Data
= Y CRw |0 ] ;o
=Y |G emlGyo

— Z Cn(t )< @n> (t ) U'mﬂ_n 0.2 0.4 | 0.6 0.8
Ny 2
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The GF scheme

geff = Z Cn<@n> GF

MS
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The GF scheme

Zer= ), ClO) GF MS

= Y (D, (L0 0), | =D (CZH(20),

tttttttttttt I‘w I H
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The GF scheme

‘geff — Z Cn<@n> GF MS
=Y (CLT ), (o), | =) (€zZH(z0),
=~ Z C,(D)(0,()) = Z C,\(1) (O ()

tttttttttttt
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The GF scheme

Loy = Z Cn<@n> GF MS
= ) (CT'0), (0 06), | =) (€CZHIZ0),
=~ Z C,(D)(0,()) = Z C,\(1) (O ()
d - ~ i R/ \ _ R
tEC(t) =C(t)7 7 dﬂC () =C (wy
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The GF scheme

L= ), Ci(0,) GF MS
= D (CT D, (0 0), | =Y (CZH,(Z0),
= Y C,0) (B,0)) = ), CR(w) (OR)(w)
L e = ER) 7 //tiCR(ﬂ) = C*(wy
1—C0) = Cy a0
3 dl = — ian
y = — tE n (1) Vm //td//t
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The GF scheme

L= D, C{0,) GF MS

= ) (CT'0), (0 06), | =) (€CZHIZ0),

=Y C(0(6,0) = ) CR(w (BN (w)

tié(t) = C(t)7 ﬂiCR(ﬂ) = C*(w)y

dt du
y d 1 = — ian
y = — tE Ilé/(l‘) Vnm //td//t
RH, Lange, Neumann ‘20

Borgulat, Felten, RH, Kohnen 25
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Application to QED

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

lllllllllll
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Application to QED

0
flowed gauge field: EB”(L x)=92,G,,(tx) — EBﬂ =

U(1) 0 <

% — aﬂa,,) B

Bﬂ(t =0,x) = Aﬂ(x)

exact solution:

B W1,p) =e P 2A(P)
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Application to QED

| 0 U(1) 0
flowed gauge field: EB”(L x)=92,G,,(tx) —_— EB” — <

% — aﬂa,,> B

Bﬂ(t =0,x) = Aﬂ(x)

exact solution:

B W1,p) =e P 2A(P)

t=(clu)?

- reqgular QED polarization function

R. Harlander, Gradient Flow, Lattice Practices VWorkshop, Julich 2026 el Fimaloe

oooooooooooo



GF scheme MS scheme

0.0 0.1 0.2 0.3 0.4 Y 0.1 0.2 0.3 0.4
aGF
e de

Georg, RH, Mason 2025

Institute for
Theoretical
Particle Physics
and Cosmology
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Application to QEDs
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Application to QEDs

a mass dimension = 1
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Application to QED3

a mass dimension = 1

super-renormalizable
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Application to QED3

a mass dimension = 1

super-renormalizable
strongly interacting in IR
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Application to QED3

a mass dimension = 1

super-renormalizable
strongly interacting in IR
IR fixed point at large Ny
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Application to QED3

a mass dimension = 1 a~ alp

super-renormalizable

strongly interacting in IR

IR fixed point at large Ny

dynamical fermion mass generation
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Application to QED3

a mass dimension = 1 a~ alp

super-renormalizable

strongly interacting in IR

IR fixed point at large Ny

dynamical fermion mass generation

B PI)
e2tp

a®t(u) ~ a(u) Jd“p

1 + 1x(p)

t=(clu)?

- reqgular QED polarization function
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Application to QED3

a mass dimension = 1 a~ alp

super-renormalizable

strongly interacting in IR

IR fixed point at large Ny

dynamical fermion mass generation

I PI)
eth

a®t(u) ~ a(u) Jd3p

1 + 1g(p)

t=(clu)?

- reqgular QED polarization function
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Application to QEDs

a®F(u) ~ a(ﬂ)Jd3p

2
eth

1 + 1g(p)
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Application to QED3

GF 3 e~
o (u) ~ a(ﬂ)Jd p
L+HR(p)|
t=(clu)
| o a :
=c—+0 (—) + o > aYt IR divergent beyond NNLO
1 + 11x(g) p p
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Application to QED3

GF 3 e 2"
o (ﬂ)NG(ﬂ)JdP
L+HR(p)|
t=(c/u)
1 o o -
=c—+0 (—) + o > aYt IR divergent beyond NNLO
1+ 1z(g) p p
- h Ty 1+ 0(1/n,)
) mit: T1 =_eh — < + n )
large-n limit r(P) p— n h
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Application to QED3

GF 3 e 2"
o (ﬂ)NG(ﬂ)JdP
L+HR(p)|
t=(c/u)
1 o o -
=c—+0 (—) + o > aYt IR divergent beyond NNLO
1+ 1z(g) p p
- h Ty 1+ 0(1/n,)
) mit: T1 =_eh — < + n )
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Application to QEDs

N

P 102 10t 100 10t 102
de Georg, RH, Mason 2025
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Application to QED3
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Application to gravity

P gravity
flowed gauge field: EB”(L x)=92,G,,(tx) E— al‘gﬂv(t) — = 2R,w(t)

B,(t=0,x) =A (x) Riccl flow

... In preparation ...

RH, Kluth, Kohnen, Werthenbach
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Conclusions

Gradient flow: interesting field theoretical concept

—stablished tool In lattice calculations
Full potential not yet fully explored (I think...)

Here: renormalization scheme
for QCD parameters
for composite operators

Application to gravity?

Many things not even discussed:

Static QCD potential, guark masses, EDMs, .
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