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Motivation

Consider walking in the alps along a path  ⃗x(t)

If  
d
dt

⃗x(t) = − a
dV
d ⃗x

⇒   you walk towards the valley

Application to QCD:
∂
∂t

Bμ(t) = −
δS[B]
δBμ(t)

: flow timet

= 𝒟ν(t)Gνμ(t)

Bμ(t = 0) = Aμ



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026



Gμν(t) =
i

g0
[𝒟μ(t), 𝒟ν(t)]

∂
∂t

Bμ(t) = 𝒟ν(t) Gνμ(t) Bμ(t = 0) = Aμ

𝒟μ(t) = ∂μ − ig0Bμ(t)
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g0
[𝒟μ(t), 𝒟ν(t)]

∂
∂t

Bμ(t) = 𝒟ν(t) Gνμ(t) Bμ(t = 0) = Aμ

𝒟μ(t) = ∂μ − ig0Bμ(t)

∼ ∂ B(t) + g0B2(t)

∂tB ∼ (∂ + g0B)(∂B + g0B2) ∼ ∂2B + g0∂B2 + g2
0B3

∼ ∂ + g0B(t)
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Perturbative solution

∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation: Bμ(t = 0) = Aμ
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∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation: Bμ(t = 0) = Aμ

cf. heat equation: ∂t u(t) = Δu(t)



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026

Perturbative solution

perturbative ansatz:            B = B1 + g0B2 + …

momentum space: B̃1(t, p) = e−tp2Ã(p)
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Perturbative solution

perturbative ansatz:            B = B1 + g0B2 + …

momentum space: B̃1(t, p) = e−tp2Ã(p)

∂tB ∼ ∂2B + g0∂B2 + g2
0B3flow equation: Bμ(t = 0) = Aμ

Exponential damping in momentum integrals!

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

K(t, s, p, q) ∼ exp[ − tp2 − 2sq(q − p)]
etc.
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The gradient flow

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:
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The gradient flow

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:

∂
∂t

χ(t, x) = 𝒟2χ(t, x)

χ(t = 0, x) = ψ(x)
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Lagrangian formulation

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:

∂
∂t

χ(t, x) = 𝒟2χ(t, x)

χ(t = 0, x) = ψ(x)

flowed quark field:

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − 𝒟2) χ + h . c .

Lüscher, Weisz 2011
Lüscher 2013
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Perturbative approach

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026

Perturbative approach

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
∼ ⟨0 |T La

μ(t, x) Bb
ν (s,0) |0⟩

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)
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Perturbative approach

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

∼ ⟨0 |T Ba
μ(t, x) Bb

ν (s,0) |0⟩

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”
∼ ⟨0 |T La

μ(t, x) Bb
ν (s,0) |0⟩

+ 4-gluon vertex

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)
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etc.

Perturbative approach

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − 𝒟2) χ + h . c .
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Renormalization

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)

ℒ = ℒQCD + ℒB + ℒχ

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − 𝒟2) χ + h . c .

bulk ( ) is UV regulated  ⇒  
renormalization of QCD parameters 
unaffected

t > 0

renormalization of flowed fields:

BR
μ (t) = Z1/2

B Bμ(t)

χR(t) = Z1/2
χ χ(t)

ZB = Zg Lüscher, Weisz 2011
Lüscher 2010
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Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩
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Let’s calculate
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1
4

⟨Ga
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Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

→ measure αs on the lattice?explicitly: O(↵2
s)+E(t) =

3αs

4πt2

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

LO: 

t

αs = αs(μ)
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• generalized loop integrals
• integration over flow-time parameters
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resulting perturbative  
accuracy on αs:  ± 3-5%

t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3) CA −
8
9

nfTR + β0 Ltμ

Ltμ = ln 2μ2t + γE

μ0 =
1

8t

Lüscher 2010
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Three-loop calculation

t
t3

t2 t1

= (
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1)b1 ⋯ (p2
6)b6

I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6}) =

ui = ti/t
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Three-loop calculation

t
t3

t2 t1

= (
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1)b1 ⋯ (p2
6)b6

I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6}) =

ui = ti/t

IbP identities:
∂

∂pi
⋅ pj I(c, a, b) = D δij I(c, a, b) + ∑ I(c′￼, a, b′￼)

∂
∂ui

I(c, a, b) = I(c′￼, a(u = 1), b′￼) − I(c′￼, a(u = 0), b′￼)
Artz, RH, Lange, Neumann, Prausa 2019
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Three-loop calculation

t
t3

t2 t1

= (
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1)b1 ⋯ (p2
6)b6

I({c1, ⋯, cf}, {a1(u), ⋯, a6(u)}, {b1, ⋯, b6}) =

ui = ti/t

Huge systems of linear equations, solved by “master integrals”.

IbP identities:
∂

∂pi
⋅ pj I(c, a, b) = D δij I(c, a, b) + ∑ I(c′￼, a, b′￼)

∂
∂ui

I(c, a, b) = I(c′￼, a(u = 1), b′￼) − I(c′￼, a(u = 0), b′￼)
Artz, RH, Lange, Neumann, Prausa 2019
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The perturbative toolbox

qgraf
q2e/exp

FORM

Kira    FireFly ⊗

Nogueira 1993
RH, Seidensticker, Steinhauser 1997

Vermaseren 2000, …

Usovitsch, Uwer, Maierhöfer 2017  
   Klappert, Klein, Lange 2019⊗

diagram generation:
diagram analyzation:

algebraic manipulations:

reduction to masters:
Chetyrkin, Tkachov 1981
Laporta 2000

[For details, see:  Artz, RH, Lange, Neumann, Prausa 2019]

→ tapir/exp Gerlach, Herren, Lang 2022
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The perturbative toolbox

qgraf
q2e/exp

FORM

Kira    FireFly ⊗

Nogueira 1993
RH, Seidensticker, Steinhauser 1997

Vermaseren 2000, …

Usovitsch, Uwer, Maierhöfer 2017  
   Klappert, Klein, Lange 2019⊗

diagram generation:
diagram analyzation:

algebraic manipulations:

reduction to masters:
Chetyrkin, Tkachov 1981
Laporta 2000

[For details, see:  Artz, RH, Lange, Neumann, Prausa 2019]

sector decomposition:
Binoth, Heinrich 2002 ∫ dDk∫ dDp∫

t

0
ds

e−tp2−s(k−p)2

k2p2(k − p2)
=

A
ϵ2

+
B
ϵ

+ C + …

→ tapir/exp Gerlach, Herren, Lang 2022
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(
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1 + m2
1)b1 ⋯ (p2

6 + m2
6)b6
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(
f

∏
i=1

∫
1

0
dui uci

i )∫ dDp1 dDp2 dDp3

exp [−t (a1(u)p2
1+⋯+a6(u)p2

6)]
(p2

1 + m2
1)b1 ⋯ (p2

6 + m2
6)b6

c1 = c2 = 0
a1 = u1u2 , a2 = u2 , a3 = u2 − u1u2
a4 = 1 , a5 = 1 + u1u2 , a6 = 1 − u2

b1 = b4 = 1
b2 = b3 = b5 = b6 = 0

m1 = ⋯ = m6 = 0
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ftint RH, Nellopoulos, Olsson, Wesle  ‘24

Heinrich, Magerya, Kerner, Jones, … 
(based on pySecDec)
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∏
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resulting perturbative  
accuracy on αs:  ± 3-5%

t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%

k1 = ( 52
9

+
22
3

ln 2 − 3 ln 3) CA −
8
9

nfTR + β0 Ltμ

Ltμ = ln 2μ2t + γE

Lüscher 2010
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resulting perturbative  
accuracy on αs:  O(1%)

t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%

RH, Neumann 2016
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)

t
d
dt

̂as(t) = ̂β( ̂as)
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)

t
d
dt

̂as(t) = ̂β( ̂as)

= ̂a2
s [ ̂β0 + ̂as

̂β1 + ̂a2
s

̂β2 + …]
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)

t
d
dt

̂as(t) = ̂β( ̂as)

= ̂a2
s [ ̂β0 + ̂as

̂β1 + ̂a2
s

̂β2 + …]

universal
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3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
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̂as(t) = ̂β( ̂as)

= ̂a2
s [ ̂β0 + ̂as

̂β1 + ̂a2
s
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universal
GF specific 
depends on k2
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)

t
d
dt

̂as(t) = ̂β( ̂as)

= ̂a2
s [ ̂β0 + ̂as

̂β1 + ̂a2
s

̂β2 + …]

universal
GF specific 
depends on k2
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Determine ΛQCD

Hasenfratz, Peterson, van Sickle, Witzel (2023)
Wong, Borsanyi, Fodor, Holland, Kuti (2023)see also
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩

→ need C̃(t)
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Short flow-time expansion

R = ∑
n

Cn⟨𝒪n⟩Observable: = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩
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Short flow-time expansion

R = ∑
n

Cn⟨𝒪n⟩Observable: = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩

short flow-time expansion: 𝒪̃n(t)
t→0→ ∑

m

ζnm(t) 𝒪m

C̃n(t)
t→0→ ∑

m

Cm ζ−1
mn(t)

⇒ need      for small     ⇒    perturbation theoryζnm(t) t

Lüscher, Weisz ’11 
Suzuki ’13 
Lüscher ‘13
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑

m

ζnm(t) ⟨𝒪m⟩
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)
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ζnm(t) ⟨𝒪m⟩
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑

m

ζnm(t) ⟨𝒪m⟩

p = m = 0 p = m = 0

→
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑

m

ζnm(t) ⟨𝒪m⟩

p = m = 0

only tree-level diagrams survive on r.h.s.

p = m = 0

→

Gorishnii, Larin, Tkachov ‘83
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Example: Meson mixing

B B̄
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Example: Meson mixing
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𝒪1 = (b̄γL
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μ q) B1 ∼ ⟨B |𝒪1 |B⟩ bag parameter
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Example: Meson mixing

B B̄

Heff ∼ ∑
n

Cn 𝒪n ≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪1 = (b̄γL
μ q)(b̄γL

μ q)

= ζ−1(t)⟨B | 𝒪̃1(t) |B⟩

B1 ∼ ⟨B |𝒪1 |B⟩ bag parameter

perturbative
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Example: Meson mixing

B B̄

Heff ∼ ∑
n

Cn 𝒪n ≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪1 = (b̄γL
μ q)(b̄γL

μ q)

= ζ−1(t)⟨B | 𝒪̃1(t) |B⟩

B1 ∼ ⟨B |𝒪1 |B⟩ bag parameter

perturbative lattice
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Bag parameter

ζ−1
NLO(t)

⟨𝒪̃(t)⟩
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Bag parameter

ζ−1
NLO(t)

⟨𝒪̃(t)⟩

ζ−1(t)⟨𝒪̃(t)⟩
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Bag parameter

ζ−1
NLO(t) ζ−1

NNLO(t)

⟨𝒪̃(t)⟩ Black, RH, Lange, Rago, 
Shindler, Witzel (2023)

ζ−1(t)⟨𝒪̃(t)⟩

CRC TRR 257
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩
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⇒ Lorentz invariance preserved!
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩

⇒ Lorentz invariance preserved!

application: energy-momentum tensor
parton density functions Shindler ‘24

Suzuki ‘13
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here:      and    =  flat metricS = SQCD gμν

Energy-momentum tensor
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here:      and    =  flat metricS = SQCD gμν

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

Energy-momentum tensor
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Noether current of space-time translations

here:      and    =  flat metricS = SQCD gμν
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1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

Energy-momentum tensor
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Noether current of space-time translations

here:      and    =  flat metricS = SQCD gμν

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪2,μν = δμνFa
ρσFa

ρσ𝒪1,μν = Fa
μρFa

νρ 𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

  ill-defined on the lattice!→

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Energy-momentum tensor
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in QCD:

Tμν(x) =
1
g2

0 [𝒪1,μν(x) −
1
4

𝒪2,μν(x)] +
1
4

𝒪3,μν(x)

𝒪1,μν = Fa
μρFa

νρ

𝒪2,μν = δμνFa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪̃1,μν(t) = Fa
μρ(t)Fa

νρ(t)

𝒪̃2,μν(t) = δμνFa
ρσ(t)Fa

ρσ(t)

𝒪̃3,μν(t) = ψ̄(t)(γμDν(t) + γνDμ(t)) ψ(t)

𝒪̃4,μν(t) = δμνψ̄(t)D/ (t) ψ(t)𝒪4,μν = δμνψ̄D/ ψ

Tμν(x) =
4

∑
n=1

cn(t)𝒪̃n,μν(t, x)

idea and NLO result: H. Suzuki ‘14

Energy-momentum tensor
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NNLO result

RH, Kluth, Lange ‘18etc.



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026

Entropy density:

Iritani, Kitazawa, Suzuki, Takaura 2019

μ0 =
e−γE/2

2t
μd =

1

8t

Application
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Application

μ0 =
e−γE/2

2t
μd =

1

8t

Iritani, Kitazawa, Suzuki, Takaura 2019

Entropy density:
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obtained from matrix elements of:
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The gradient flow scheme

⟨𝒪̃(t)⟩
ΔΓ ∼ ∑

n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

CR
n (μ) [ζ−1(t, μ)⟨𝒪̃n⟩(t)]



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026

The gradient flow scheme

ζ−1(t, μ) ⟨𝒪̃(t)⟩

ζ−1(t, μ)⟨𝒪̃(t)⟩

ΔΓ ∼ ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

CR
n (μ) [ζ−1(t, μ)⟨𝒪̃n⟩(t)]
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The gradient flow scheme

ζ−1(t, μ) ⟨𝒪̃(t)⟩

ζ−1(t, μ)⟨𝒪̃(t)⟩

ΔΓ ∼ ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

CR
n (μ) [ζ−1(t, μ)⟨𝒪̃n⟩(t)]

= ∑
n

[CR
n (μ) ζ−1(t, μ)]⟨𝒪̃n⟩(t)
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The gradient flow scheme

ζ−1(t, μ) ⟨𝒪̃(t)⟩

ζ−1(t, μ)⟨𝒪̃(t)⟩

ΔΓ ∼ ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

CR
n (μ) [ζ−1(t, μ)⟨𝒪̃n⟩(t)]

= ∑
n

[CR
n (μ) ζ−1(t, μ)]⟨𝒪̃n⟩(t)

= ∑
n

C̃n(t)⟨𝒪̃n⟩(t)
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩ GF MS



 R. Harlander, Gradient Flow,  Lattice Practices Workshop, Jülich 2026

The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

GF MS
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The GF scheme
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= ∑
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= ∑
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= ∑
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GF MS
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n

μ
d

dμ
CR(μ) = CR(μ) γ

= ∑
n

C̃n(t) ⟨𝒪̃n(t)⟩

= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

t
d
dt

C̃(t) = C̃(t) γ̃

GF MS
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

= ∑
n

C̃n(t) ⟨𝒪̃n(t)⟩

= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)

GF MS
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

= ∑
n

C̃n(t) ⟨𝒪̃n(t)⟩

= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)

GF MS

RH, Lange, Neumann ‘20
Borgulat, Felten, RH, Kohnen ‘25
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Application to QED

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:
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Application to QED

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:
∂
∂t

Bμ = ( □ gμν − ∂μ∂ν) Bν

U(1)
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Application to QED

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:
∂
∂t

Bμ = ( □ gμν − ∂μ∂ν) Bν

U(1)

exact solution:

B̃μ(t, p) = e−tp2Ã(p)
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Application to QED
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Georg, RH, Mason 2025

GF scheme MS scheme
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αGF(μ) ∼ α(μ)∫ d3p
e−2tp2

1 + ΠR(p)
t=(c/μ)2

1
1 + ΠR(q)

= c1
α
p

+ c2 ( α
p )

2

+ ⋯ IR divergent beyond NNLO⇒ αGF
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Application to QED3

αGF(μ) ∼ α(μ)∫ d3p
e−2tp2

1 + ΠR(p)
t=(c/μ)2

1
1 + ΠR(q)

= c1
α
p

+ c2 ( α
p )

2

+ ⋯ IR divergent beyond NNLO⇒ αGF

large-  limit: nf ΠR(p) =
αe

πp
hf hf =

π2nf

2 (1 + 𝒪(1/nf))
≡

π
8

̂ae(p)
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Georg, RH, Mason 2025
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Application to gravity

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field: ∂tgμν(t) = − 2Rμν(t)
gravity

Ricci flow
… in preparation …

RH, Kluth, Kohnen, Werthenbach
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Conclusions

Gradient flow: interesting field theoretical concept

Established tool in lattice calculations

Full potential not yet fully explored (I think…)

Here: renormalization scheme
for QCD parameters
for composite operators

Application to gravity?

Many things not even discussed: 
Static QCD potential, quark masses, EDMs, …


