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No motivation

Properties and uses of the Wilson flow in lattice QCD
Martin Luscher (CERN and Geneva U.) (Jun 23, 2010)
Published in: JHEP 08 (2010) 071, JHEP 03 (2014) 092 (erratum) - e-Print: 1006.4518 [hep-

lat]
pdf ¢ DOI — Cite A reference search  5) 1,033 citations
T ——————

Trivializing maps, the Wilson flow and the HMC algorithm
Martin Luscher (CERN) (2009)
Published in: Commun.Math.Phys. 293 (2010) 899-919 . e-Print: 0907.5491 [hep-lat]

pdf ¢ DOI = cite @ reference search %) 348 citations
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Infinite N phase transitions in continuum Wilson loop operators

R. Narayanan (Florida Intl. U.), H. Neuberger (Rutgers U., Piscataway) (Jan, 2006)
Published in: JHEP 03 (2006) 064 - e-Print: hep-th/0601210 [hep-th]

pdf ¢ DOI - cite [Q reference search ) 349 citations
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0,B ~ 0°B + g 0B~ + g7B>



Perturbative solution

flow equation: 0,B ~ 0°B + gode + 8333

perturbative ansatz: B=B+g)B,+ ...

momentum space: Bl(t,p) — e‘tpzﬁ(p)

cf. heat equation: 0, u(t) = Au(r)
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Perturbative solution

flow equation: 0,B ~ 0°B + goﬁBz n ggB3 Bﬂ(f = () = Aﬂ

perturbative ansatz: Bb=B+g)B,+ ...

momentum space: Bl(t,p) — e_tpzfi(p)

By(1,p) = j dsjd“q K(t,5,p.q) A(p) A(p — q)
0

K(7, s,p,q) ~ exp [—fP2 — 25q(q —P)]

elcC.

Exponential damping in momentum integrals!
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Quantum field theory

a b
2L =Zocpt Lt <, a0 ~ OITE, (.0 B/(s:0)10)
00 5ab (5 5plupy) e—(t+S)p2
Ly~ J dtL, (&tBﬂ — QZUGW) pr \" 7 p?
O b
L, Lagrange multiplier fielo , Sgoeeeeety ~ (0| TL;(z,x)B,)(5,0)|0)
LUSCher, Weisz 2011 561[95/41/ Q(t — S) e_(t_S)Pz “g\UOI’] ﬂOW “neu

analogously for quarks: Ltischer 2013

& ~[ dt7(0,—A)y+h.c.
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Vertices

s=0 regular 3-gluon vertex
p? M? a

q,l/,b Q7V7b

T,p,C

o0

ds (51/,0(T — Q)IL + 25,qu,0 _ 25upru

+ (5 = 1)(0ppqu — 0prp))

analogously for 4-gluon vertex and quarks
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW>
0

‘Bulk™ 1s UV regulatea

L ~| dti(o.—A)y+h.c.
= renormalization unaffected! d J ( t ))(

0

AQCD

><@>

a (M)
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Let’s calculate

1 SSECEEET 5% PPy
<E(t)> = Z<Gﬁy(t)Ga’ﬂy(t)> W, a,t v,b,s  p? (5’w - p?
LO:
a
explicitly: (E(1)) = y ;2 + 0O(a?) — measure ds on the lattice?
T
ag = a(p)
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Higher orders

e—th2 4
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
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3a (1)

(1*E(1)) =

. 1+ ky(t, 1) o ()]
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k, =
= (3

Luscher 2010

52 22
—+?ln2—31n3

8
) Cy— gnfTR + Gy Ly,

Lt//t — ln 2ﬂ2t + 7/E
1

NG

resulting perturbative
accuracy on ds: =+ 3-5%

Ho

PDG: = 1%



Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (611(M)P12+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
IbP identities:  —=—-p; 1(-+*) — modifies ¢, and b,
op;
0 ..
e I(-+) =I(-+) - —1(-) - — modifies ¢;, b, and q,

Artz, RH, Lange, Neumann, Prausa 19
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " 616(”)}, {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

i=1 (P71 =+ (pg)™e

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

e (PP =+ (pg)”

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P

! 6
C: —DJ/2 o
i <HJ d”z"“‘f) HI dx; X’ b | det Ax, u) | — sector decomposition
0

=1

j=1 Binoth, Heinrich (2000)
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Implementation

I({Cla B Cf}a {Cll(l/t), "‘,616(M)}, {b19 T b6})

c;=¢=0 ftint RH, Nellopoulos, Olsson (in prep)

al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2
based on pySecDec

a4:1, a5:1+u1u2, a6:1—u2 ( 24 )

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),
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ky

Luscher 2010

52 22
—+?ln2—31n3

5

8
) Cy— EnfTR + Gy Ly,

Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on ds: =+ 3-5%

PDG: = 1%



(1*E(1)) =

3a (1)

4r

0.50 —

0.40 —
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_jol . “Inco| A]nnLo
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t°(E(t))

0.10 —
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1+ ky (1, ) () + kot ) aZ(0)

RH, Neumann 2016

resulting perturbative
accuracy on as: O(1%)

PDG: = 1%



3a (1)
A

t°E(t) =
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.BGF/géF
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1+ kit ) o) + kot ) 5] =

A\

a0 = fay
ai T

NI Y Y
= a2 | B+ ap + @By + .|

ﬁ

universal

\

GF specific
depends on k,



This work - | * |
Wong 23 (prelim) - Pure YM o
Dalla Brida 19- | ‘ |
Ishikawa 17 - ' —— L
Kitazawa 16 - P = :
Brambilla 10- | L = |
QCDSF/UKQCD 05 s
ALPHA 981 s :
052 054 056 058 060 062 0.64
V/8t0Ays

A. Hasenfratz, Peterson, Sickle, Witzel (2023)
see also C.H. Wong et al.
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(O, (1)) is UV finite :liné(@n(t)) exists!

— need C(t)

tttttttttttt
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
small flow-time expansion: O (1) =) Z c..(1) O,
LUscher, Weisz 11 m
Suzuki '13
LUscher 13 t—0

Cut)'= ) Crl®)

= need (. (f) forsmallt = perturbation theory
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Determining {(7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

p:m:() p:m:O

only tree-level diagrams survive on r.n.s.
Gorishnii, Larin, Tkachov ‘83
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (E}/l];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter

=Y #)(B| 0,(1)| B
AN

poerturbative lattice
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Bag parameter

, = 3 Gel
.00
(@(t)) aaaAREEAEALEEEE] Black, RH, Lange, Rago, P.‘H
AL EELE ' '
0.95 ) - ﬂ“wm Shindler, Witzel (2023) CRC TRR 257
e
().90 - t"“ § Lattice Data

& NLO(
p  NNLO ¢

{).85 1

R

.75 -

(].T(] ! ! ! !
(.0 (.2 0.4 0.6 0.8
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Other applications

electric dipole operators

NLO: Mereghetti, Monahan, Rizik, Shindler, Stoffer (2022)
Crosas, Monahan, Rizik, Shindler, Stoffer (2023)
BUhler, Stoffer (2023)

NNLO: Borgulat, RH, Rizik, Shindler (2022)

hadronic vacuum polarization
NNLO: RH, Lange, Neumann (2020)

quark bilinears

NLO: Hieda, Suzuki (2016)
NNLO: Borgulat, RH, Kohnen, Lange (2023)
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Application to effective field theories

Observable: R = Z C (0O, )

perturbation —j & lattice
theory \ /

Instead: R = Z Cn(t)(én(t))

(6.(1)) is UV finite =>1in%<@n(t)> exists!
= Lorentz invariance preserved!

application:  energy-momentum tensor  Suzuki ‘13
parton density functions  Shindler ‘24

tttttttttttt
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Energy momentum tensor -2 o

04"_ """""""""""""""" ] 2.5_1 U B A B B A } L B : ------------- ]
- . 03] ' T/T,=0.93 241 E i T/T.=1.02 -
ntropy density: o _; 23 E 5 ;
- ; ] f l : 5
4 T 1T =~ 0103 fﬁmmmm ml: 2.2¢ | i :
£ = —= () — =T, (x) a ‘ 5 B 54t LI 5
o1l 20! | : HH{
ol : 1.9} : : f
R T T S S S T ; T I B ST
0.000 0.005 0.010 0.015 0.020 0.025 0.03 0.000 0.005 0.010 0.015 0.020 0.025 0.030
tT°
~ ~ E """""""""""""""""""" IE 52__
T, =Y C00, () .; |
U M : TIT,=1.12 - 511
n 3'9;‘ 5.0
@ 38 T~ 497
B 37} e
NLO 3'7: 4.8
3.61 . E
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Suzuki, Takaura ‘21
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Eitkrgy momentum tensor - 1o i
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: 5 o 22f :
1 T 1 T <*>|: 0.1% WWW ~ P | | ;
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Application to effective field theories

Observable: R = Z C (0O, )

perturbation —j & lattice
theory \ /

Instead: R = Z Cn(t)(én(t))

(6.(1)) is UV finite =>1in%<@n(t)> exists!
= Lorentz invariance preserved!

application:  energy-momentum tensor  Suzuki ‘13
parton density functions  Shindler ‘24

tttttttttttt
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Parton densities

Shindler ‘24

0.5 *:‘:::llll ? iE:'TT;T;';TTiTiTiTiTiT"' Fl’aﬂCISGJ[a|‘24
St ; “--.-+-.A..**J;;.‘l‘l
0.4 - I*%'g iiiiiiiiii 'EliIIIIII!% 2 . 2 3% %:35,. 8 3 3 o o :
- 0.3 -
C\‘l& §
0.2
0.1 - ETMC stat E a=0.12 fm E a = 0.077 fm
0.0l ETMC stat+sys a = 0.094 fm I a=0064fm
0.0 0.5 1.0 15 2.0 2.5 3.0
(a) t/to
0.3

. -
T -

0.2- g {}{I{,i{% % ' ;'EIE'%% % % 3 E'Iilé ; fifill '

0.0 e S s O AL S
0.0 0.9 1.0 1.5 2.0 2.9 3.0
t/to
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Application to effective field theories

Observable: R = Z C (O )

‘J & match
perturbation lattice renormalization
theory \ / schemes?

Instead: R = Z C’ gradient flow
» renormalization

MS renormalization of composite operators

tttttttttttt
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: O (1) = Z C,.. ()0, =
(SFTX) "

UV finite

— calculation of {(¢) also determines Z in MS scheme!
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MS renormalization of composite operators

application: check for four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)
RH, Lange (2022) Aebischer, Pesut, Virto (2024)

RH, Kohnen, Lange (in prep)

d1
d4

q3
q2
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The gradient flow scheme

AT ~ ) CR(1) (OF) (1)

= ¥ CR €710 1),

= Z lcff(//t) C_l(l‘,//t)] (O, )(1)

=) C(1(B,)1)

[...] Hence, no conversion to the MS
scheme is needed any more, the
advantage being that the renormalization
scheme employed is well-defined beyond
perturbation theory.
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e

(.90 - “““ Lattice Data

V™ NLO ¢
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Ammer, DUrr ‘24
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The GF scheme

L= D, C{0,) GF MS

= ) (CT'0), (0 06), | =) (€CZHIZ0),

=Y C(0(6,0) = ) CR(w (BN (w)

tié(t) = C(t)7 ﬂiCR(ﬂ) = C*(w)y

dt du
y d 1 = — ian
y = — tE Ilé/(l‘) Vnm //td//t
RH, Lange, Neumann ‘20

Borgulat, Felten, RH, Kohnen 25
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The GF scheme

GF MS
d - - d R R
—C@) = C() 7 pu—C=(u) = C~(u) y
7 (1) ()7 d//t
dl dl V4
Y = — [— [ }/ = — U— 11
Y —-n6() di

L a0 dx 7(x) w0 dy y(x)
C(t) = C(t _ CR(u) = CR I
(1) (%)) exp [L(@ 7 (x)] (u) (Hp) €Xp [ o 1B

t%&s(t) = fa (1) pu—oa(p) = pau)
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Conclusions

Gradient flow provides a bridge between lattice and perturbation theory
Perturbative calculations very close to standard QCD

Still challenges on the lattice

Proofs of principle exist

Option for otherwise inaccessible problems (mixing of different mass dimensions)

e Plenty of opportunities!
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