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Abstract
Results are reviewed which were obtained within the project Top-quark physics at colliders. These include QCD
and weak-interaction corrections to hadronic tt production, determinations of the the top-quark mass, predictions of
the tt charge asymmetry and tt spin correlations, NLO QCD corrections to hadronic tt + 1-jet production, and partial
results for hadronic t-channel single-top production at NNLO QCD. In addition, some methodical developments made
in this project are outlined, which are relevant for NLO and NNLO QCD calculations.
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1. Introduction

of single top quarks [9, 10, 11].

When this project was started within this Collaborative Research Centre (SFB-TR-09) in January 2003, the
top quark was still a rather unexplored particle as compared to lighter quarks and gauge bosons. The top quark
was discovered at the Tevatron [1, 2] in 1995. The Tevatron collider Run 2 had just started in March 2001, and
by the end of 2002, only of the order of about 1000 topquark top-antiquark (tt¯) pairs had been produced at this
collider. The (tt¯) cross section was measured, but with a
rather large uncertainty of about 30% (cf., for instance,
[3]). The combined result of the CDF and D∅ determinations of the top-quark mass was mt = 174.3 ± 5.1
GeV [3]. At this level of uncertainty, the question how
this mass parameter is to be interpreted, i.e., is related
to an appropriately defined Lagrangian mass parameter of the top quark, was not yet urgent. At that time,
neither of the two Tevatron experiments had conclusive evidence for single top-quark production. Evidence
for this production mode was reported only quite some
time later by the D∅ experiment [4]. On the theoretical
side, results within the Standard Model (SM) included
the computations at next-to-leading order (NLO) QCD
of the hadronic production cross sections of top-quark
pairs for unpolarized [5, 6, 7] and polarized [8] (tt¯), and

During the last twelve years tremendous progress
has been made in the exploration of the properties
and interactions of top quarks, both experimentally—
especially since the Large Hadron Collider (LHC)
started operating—and on the theoretical side. Significant theoretical contributions to this research topic were
made within this Collaborative Research Centre and in
particular within this project (C4). The main results on
top-quark physics obtained in this project will be reviewed here.
The article is organized as follows. In Sect. 2 we
review recent results obtained in project C4 related to
the theoretical description of top-quark pair production. In particular, threshold corrections due to (wouldbe) bound-states and weak corrections are discussed.
Furthermore, the first direct determination of the topquark running mass from cross section data is described.
In addition, results for less inclusive quantities, like
the top-quark forward-backward charge asymmetry and
spin correlations are presented. In Sect. 3 the NLO
corrections to top-quark pair production in association
with an additional jet are reviewed. In Sect. 4 we report on recent progress towards single top-quark production in next-to-next-to-leading order (NNLO) QCD.
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Possible new physics contributions to top-quark decay
t → Wb are discussed in Sect. 5. Sect. 6 is devoted to
methods and tools. We briefly outline the calculation of
the so-called antenna functions for the production of a
heavy quark-antiquark pair by an uncolored initial state
at NNLO QCD and address the NNLO QCD calculations of the vector, axial-vector, scalar and pseudoscalar
heavy-quark form factors. In addition we discuss an algorithm developed recently for the speed-up of the Laporta reduction algorithm. Furthermore, we discuss the
automatic generation of the Catani-Seymour subtraction
terms used in one-loop calculations.
2. Hadronic top-quark pair production

of the top-quark
p
β = 1 − 4mt 2 / ŝ
where mt denotes the top-quark mass and ŝ the partonic
center of mass energy, the contributions proportional to
α3s ln4 (β), α3s ln3 (β), α3s ln2 (β), α3s ln(β)
are predicted in Ref. [12]. In addition all explicitly scale
dependent terms together with the Coulomb corrections
have been included into an approximate NNLO prediction. Very recently, full NNLO results have been presented [16, 17, 18, 19]. It is interesting to study how
close the approximate results are with respect to the full
results. In Ref. [12] (Table 12) the result
NNLO approx.

2.1. The tt cross section
In hadronic collisions top-quark pairs are dominantly
produced via the strong interaction. In Born approximation the partonic channels qq̄ → tt¯ and gg → tt¯
contribute. The corresponding Feynman diagrams are
shown in Fig.1. The NLO QCD corrections were cal-

σtt¯

= 7.94−0.28
+0.07 pb

culated a long time ago [5, 6, 7]. Using the variation of
the renormalization (µr ) and factorization (µ f ) scales in
the range mt /2 < µ f , µr < 2mt for estimating the theoretical accuracy, an uncertainty at the level of ±12%
is found—clearly insufficient for the precision which is
achieved at the LHC. To go beyond NLO predictions,
an ansatz for the NNLO corrections based on soft gluon
resummation was constructed in Ref. [12]. The idea is
to use the general structure of soft gluon resummation
as elaborated for example in Ref. [13] to predict the
logarithms due to soft gluons in the fixed-order calculation. Extending the resummation formulae to next-tonext-to-leading logarithmic accuracy using an ansatz for
the (at the time unknown) coefficient D(2)
appearing in
QQ̄
the resummation formulae, all logarithmically enhanced
terms were determined in Ref. [12]. Since NLO QCD
corrections to top-quark pair production in association
with an additional jet are small [14, 15] it has been argued in Ref. [12] that corrections with additional hard
gluons are small and predictions based on soft gluon resummation should give reliable results (see also the discussion in Sect. 3). More precisely, using the velocity

(1)

is quoted for p p̄ collisions at the Tevatron collider at
1.96 TeV. The number −0.28 pb (+0.07 pb) denotes the
shift in the cross section when µ = µ f = µr = 2mt
(µ = mt /2) is used instead of µ = mt . Using the same
setup as in Ref. [12] (mt = 171 GeV and the CTEQ6.5
PDF set) the full NNLO QCD predictions [19, 20, 21]
lead to
σNNLO
= 7.99−0.43
+0.30 pb.
tt¯

Figure 1: Born amplitudes contributing to top-quark pair production
in hadronic collisions.

2

(2)

While the theoretical uncertainty is underestimated in
Ref. [12] the central value is in perfect agreement. The
deviation is less than one per cent. For the LHC operating at 14 TeV the result quoted in Table 11 of Ref. [12]
reads
NNLO approx.

σtt¯

= 918−9
−39 pb,

(3)

while the full NNLO QCD result gives
σNNLO
= 976−53
+33 pb.
tt¯

(4)

Since at the LHC the cross section is less threshold
dominated one can expect that predictions based on soft
gluon resummation are less powerful. Indeed we find
that the approximate NNLO QCD predictions are 58 pb
smaller than the full result. In fact only 43 % of the full
NNLO QCD corrections are due to soft gluon effects
while 57 % are due to non-logarithmic NNLO corrections.
Very close to the threshold, in addition to the logarithmic enhancement due to soft gluon emission, also
Coulomb corrections become important. As it is well
known from e+ e− annihilation, these corrections can
be resummed, using a non-relativistic Green function.
Schematically, the hadronic cross section for the production of a tt¯ system in the state T = 2s+1S [1,8]
(s deJ
notes the spin state and the indices 1 for singlet and 8
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dx1 dx2 fi/H1 (x1 , µ f ) f j/H2 (x2 , µ f )δ(τ − x1 x2 ), (6)

where fi/H (x, µ f ) denote the parton distribution functions evaluated at the factorization scale µ f (τ = ŝ/shad ).
The functions Fi j→T ( ŝ, Mtt¯2 , µ f 2 ) describe the hard scattering cross section for the production of a tt¯ system
in the state T close to threshold. Compact expressions
were presented in Refs. [23, 24]. In (5) G[1,8] denotes
the non-relativistic Green function, which resums the
“bound-state” corrections. Analytic expressions can be
found in Refs. [25, 26]. Γt is the finite width of the
top-quark. In Ref. [22] the predictions have been improved through the resummation of soft gluon effects
to NNLL accuracy. Assuming that the resummation
of soft gluon effects and threshold effects do not interfere, soft gluon resummation only replaces the cross
sections Fi j→T (s, Mtt¯2 , µ f 2 ) by their resummed counter
parts. To avoid double counting, the resummed results
are matched to the fixed order result. Technically, the
resummation is most conveniently performed in Mellin
space following the methods illustrated for example in
Ref. [13]. To avoid the evaluation of the inverse Mellin
transformation, the convolution with the parton luminosities can also be done in Mellin space. In Fig. 2 the
differential cross section is shown as function of the invariant mass of the tt system. For the top-quark mass,
a pole mass of 172.4 GeV has been used, leading to a
nominal production threshold of 344.8 GeV. As one can
see, binding effects due to the attractive potential in the
color-singlet state lead to a resonance structure just below the threshold. In the color-octet channel the potential is repulsive preventing the formation of a (wouldbe) bound-state. Owing to the short life-time of the top
quark, it is impossible to observe toponium states. However, the change of the cross section in the threshold region could in principle be observed. As it is well known

3.5
3

total

2.5

dσ / dM [pb/GeV]

for octet denote the color state, L = 0 close to threshold) reads [22]:
XZ 1
dLi j
dσH1 H2 →T
dτ
(τ, µ f )
Mtt¯
=
Mtt¯
dMtt¯
dτ
s
i, j
had
!
1
2
2
[1,8]
× Fi j→T ( ŝ, Mtt¯ , µ f ) ImG (Mtt¯ + iΓt ) .
(5)
mt
The partonic center of mass energy squared is again denoted by ŝ, while shad is the hadronic center of mass
energy. Mtt¯ is the invariant mass of the top-quark pair.
(Note that beyond leading order (LO), Mtt¯ , ŝ.) The
partonic luminosities for the collisions of two hadrons
H1 , H2 are defined through
dLi j
(τ, µ f ) =
Zdτ

3
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Figure 2: Bound state corrections to top-quark pair production [22].
Differential cross section in the threshold region as function of the
invariant mass of the tt system.

from linear collider studies, the peak position, being the
remnant of a would-be bound state, is very sensitive to
the value of the top-quark mass. Since the interesting
region covers only 5 GeV in the invariant mass of the
tt system, the momentum resolution at the LHC is most
likely insufficient to resolve this effect. Evidently, the
region below the threshold will also give a contribution
to the inclusive cross section. In Ref. [22] it has been
estimated that binding effects could make an additional
contribution of the order of 10 pb for LHC operating at
14 TeV, thus leading to a shift in the cross section predictions of about one per cent.
2.2. Weak interaction corrections
For predictions of the hadronic tt cross section and
differential distributions at a precision-level of a few
percent, the electroweak corrections to hadronic tt production must be taken into account. Sample diagrams
are shown in Fig.3 for the qq̄ channel and in Fig.4 for
the gg channel.
Weak interaction corrections to qq̄, gg → tt were
computed in Ref. [27]. The qq̄ → tt amplitude receives a tree-level contribution from s-channel Z-boson
exchange. The nominally next-to-leading order weak
corrections to the squared matrix element are the mixed
QCD-weak corrections of order α2s α. The mixed QCDweak corrections to the squared gg → tt matrix element
start at order α2s α. In the analysis of Ref. [27] the box
contributions to qq̄ → tt, which contain infrared divergences due to virtual soft gluons, and the quark triangle
diagrams to gg → Z ∗ → tt were left out. These contributions were taken into account in the computations
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Figure 3: Sample diagrams for the weak corrections to top-quark pair
production in quark–anti-quark annihilation.
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Figure 5: Weak corrections to transverse momentum distribution [33].
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Figure 4: Sample diagrams for the weak corrections to top-quark pair
production in gluon fusion. The label Γ denotes weak gauge bosons,
H, and Goldstone bosons.

of the order α2s α QCD-weak corrections for qq̄ → tt(g)
[28, 29] and for gg → tt [30, 31]. The results of these
independent calculations were compared in detail and
agree with each other. In Refs. [28, 30] also the t- and
t¯-spin dependent contributions to the respective squared
matrix elements were calculated. These affect the polarization of t, t¯ and the tt spin correlations, see Sect. 2.5.
Moreover, the weak-interaction corrections to qg and
q̄g initiated tt production were determined in Ref. [32].
Recently, the mixed QCD-weak interaction corrections
were re-evaluated for tt production at the LHC for 8 and
14 TeV center-of-mass energy using up-to-date input for
the Higgs boson mass, the top-quark mass, and parton
distribution functions [33].
The order α2s α weak interaction corrections to the tt
cross section at the Tevatron are small; as compared
with the NLO QCD cross section, δσ = δσW /σNLO
QCD =
0.5%, where mH = 125 GeV was used. For the LHC
(14 TeV) δσ = −1.27% was obtained in Ref. [30] with
CTEQ6.6M PDF and for µ = mt .

Although these weak-interaction corrections are
nominally subdominant with respect to the QCD contributions, they become increasingly important at large
tt invariant mass and at large ptT due to the presence of
weak Sudakov logarithms. This is illustrated in Fig. 5
where the weak-interaction corrections to the LO QCD
ptT -distribution are shown.
A direct measurement of the top-quark Yukawa coupling provides important information to test the SM
Higgs mechanism. It is well known that the Yukawa
coupling leads to a positive contribution to the cross section in the threshold region due to the Sommerfeld enhancement. This is shown in Fig. 6 taken from Ref. [33]
where the impact of an increased Yukawa coupling gY is
plotted for a SM Higgs boson with a mass of 126 GeV.
For comparison also the result for a Higgs boson with
a mass of 1 TeV is given. In Ref. [33] the sensitivity
to the top-quark Yukawa coupling has been investigated
by studying the cross section in the threshold region:
δσ8TeV
EW
σLO
δσ8TeV
EW
σLO
δσ8TeV
EW
σLO

=

(−3.54 + 3.16g2Y )%,

=

(−3.06 + 2.06g2Y )%,

=

(−2.84 + 1.54g2Y )%.

mtt¯<2mt +50GeV

mtt¯<2mt +100GeV

mtt¯<2mt +150GeV

(In the conventions used here the SM value is given by
gY = 1.) A tiny contribution linear in the Yukawa coupling due to a b-quark loop has been neglected. For the
lowest cut, the relative corrections change by about 9%
if the SM Yukawa coupling is replaced by twice the SM
value.
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Figure 7: Scale (in)dependence of the inclusive tt cross section at
NNLO QCD using the MS mass.

Including NNLO QCD corrections together with
bound state effects and the weak corrections, the cross
section predictions for inclusive top-quark pair production reach an accuracy at the level of a few per cent.
These predictions can be compared with measurements
in order to test the production mechanism. However,
assuming the validity of the Standard Model, it is also
possible to use the cross section measurements for the
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Figure 6: Relative weak corrections to the tt invariant mass distribution in the framework of the SM assuming MH = 126 GeV (solid blue
curve) and 1000 GeV (dashed red curve), and for the case of an enhanced Yukawa coupling gY = 2gSY M with MH = 126 GeV (dotted
black curve) [33].
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Figure 8: Same as Fig. 7 but for the pole mass.

determination of the top-quark mass, by fitting the theoretical predictions to the data. This is of particular interest since, contrary to measurements of the top-quark
mass relying on the kinematical reconstruction of the
top-quark decay products, the top mass entering the tt
cross section computed at higher order QCD is uniquely
defined by the chosen renormalization scheme. Furthermore, different renormalization schemes for defining the top mass parameter can be employed. Using for
example the running mass m(µ) defined in the minimal
subtraction (MS) scheme, an improved behavior of the
perturbative expansion is observed. In Ref. [34] the inclusive cross section was expressed in terms of the running mass. In Fig. 7 the scale dependence of the cross
section predictions using the MS mass, calculated with
the Hathor program [21], is illustrated. For comparison,
the scale dependence using the top-quark pole mass is
shown in Fig. 8. As can be seen from Figs. 7, 8, the
scale dependence is significantly reduced using the MS
mass instead of the pole mass. Using the pole mass,
the cross section changes by about −6 to +0.5 percent,
varying the scales between mt /2 and 2mt . For the MS
mass the variation is reduced to the range −3.2 and 0
percent. The polygon in Fig. 7 shows the region of restricted scale variation used in NNLL predictions to define the scale uncertainty. The restricted range avoids
extreme ratios of µ f /µr . In difference to the NNLL
results (not shown here) the improvement of the scale
(in)dependence obtained using the MS mass is independent on the precise definition of the restricted region.
In Ref. [34] the Tevatron cross section measurements
were used to determine the top-quark mass. This is
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illustrated in Fig. 9 taken from Ref. [34]. Projecting
the measured cross section onto the NLO and NNLO
(approx.) predictions, the running top-quark mass can
be read off. Note that in this analysis, only the experimental uncertainties have been taken into account,
since they are by far dominating. In particular, only the
theoretical predictions for µ = µ f = µr = m(m) are
compared to the data. (The results for µ = 2m(m) and
µ = m(m)/2 are both lower than the result for µ = m(m).
The result for µ = m(m) thus defines the upper boundary of the uncertainty band.) In Tab. 1 the extracted
mass values are shown as determined in Ref. [34]. The
Table 1: The LO, NLO and approximate NNLO QCD re-

sults for the top-quark mass in the MS scheme (m(m)) and
the pole mass scheme (mt ) for the measured cross section of
σ = 8.18pb at the Tevatron [35]. The uncertainties given in
the Table reflect the quoted experimental uncertainties.

LO
16

NLO
Tevatron

14

NNLO

MSTW 2008 NNLO

σ [pb]

mt [GeV]

159.2+3.5
−3.4
159.8+3.3
−3.3
160.0+3.3
−3.2

159.2+3.5
−3.4
165.8+3.5
−3.5
168.2+3.6
−3.5

NLO

12

NNLOapprox
10

8
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m(m) [GeV]
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Figure 9: Determination of the running top-quark mass from cross
section measurements [34]. The cross section as measured in Ref. [35]
is projected onto the theoretical predictions.

extraction has been performed using theoretical predictions at LO, NLO and NNLO (approx.) QCD. The results obtained for the running top-quark mass are very
stable with respect to the order in perturbation theory.
This is a direct consequence of the observation made in
Ref. [34], that the convergence of the perturbative expansion is improved using the MS mass. Furthermore,
the results are compatible with the measurements based
on the kinematic reconstruction. For comparison the
outcome of the same procedure using instead the topquark pole mass is also shown in Tab. 1. Large differences between the results obtained in different orders
can be observed. The measurement of the top-quark
mass as presented in Ref. [34] represents the first direct determination of the top-quark running mass. Since
the cross section depends only weakly on the top-quark
mass—a one per cent variation of the mass leads only to
a five per cent variation of the cross section—it is very
difficult, if not impossible, to reach an accuracy of better than 1 GeV. Nevertheless, the measurement provides
an important cross check and has been repeated by the
ATLAS and CMS experiments.
2.4. The tt charge asymmetry
Charge asymmetries, or forward-backward asymmetries, were proposed and used first for e− e+ production
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of charged lepton pairs `− `+ and of bb̄ pairs. They provide a test of the f f¯ production dynamics. In the following we consider the hadroproduction of tt pairs. The
tt charge asymmetry is defined by
Acharge =

N(yt > 0) − N(yt¯ > 0)
,
N(yt > 0) + N(yt¯ > 0)

(7)

where yt , yt¯ denote the rapidities of t and t¯ in the laboratory frame. An asymmetry Acharge , 0 is generated
by the interference of terms in the scattering amplitude
which are even and odd under interchange of t and t¯,
while the initial hadrons stay put.
dσ = dσS + dσA ,

dσA (t, t¯) = −dσA (t¯, t) .

The charge asymmetry in p p̄, pp → ttX is primarily a
NLO QCD effect, but electroweak corrections make a
non-negligible contribution, too (see below).
For tt production at the Tevatron, it is straightforward
to show that, assuming CP invariance, the charge asymmetry is equal to the forward-backward asymmetry AtFB ,
i.e. the number of t quarks produced in the forward
direction minus the number of t quarks produced in
the backward direction divided by the total number of
events. Most of the measurements of the Tevatron experiments CDF and D∅ were made for the pair asymmetry
Att =

N(∆y > 0) − N(∆y < 0)
,
N(∆y > 0) + N(∆y < 0)

and Att and their dependence on ∆y and on the tt invariant mass Mtt showed deviations from the SM predictions up to ∼ 3σ. For a recent review of the extensive literature on attempts to explain these apparent discrepancies by models for physics beyond the SM, see
Ref. [39].
In Tab. 2 recent SM predictions for the Tevatron
asymmetry Att¯ (inclusive and for Mtt¯ > 450 GeV) are
compiled. The result of Ref. [40] was obtained in QCD
at NLO in α s including threshold resummation at NNLL
accuracy, while the predictions of Refs. [38, 41, 42]
were made, for different PDF sets, at fixed order NLO
QCD including electroweak corrections. The electroweak corrections are significant, they amount to ∼
23% of the QCD effect. The asymmetry Att¯ was also
calculated differentially in bins of the modulus of the
rapidity difference |∆y| = |yt − yt¯|, cf. the references
cited above. Very recently Att¯ was also computed at
NNLO QCD in Ref. [43] with the result Att¯ = 0.095 ±
0.007 which includes electroweak corrections. Colliderindependent forward-backward asymmetries, which apply to tt¯ production both at the Tevatron and the LHC,
were analyzed in Ref. [44].
Table 2: SM predictions for the tt charge asymmetry at the Tevatron.

(8)

where ∆y = yt − yt¯ is the difference of the t and t¯ rapidities. For kinematical reasons Att is larger than the
laboratory-frame asymmetry (7).
The charge asymmetry/forward-backward asymmetry is
generated in QCD to O(α3s ) by the interference of terms
in the scattering amplitudes of qq̄ → tt, and likewise of
qq̄ → ttg which are even and odd under t ↔ t¯. The reactions gq (q̄) → tt¯q (q̄) contribute, too, but make only
a very small contribution to the inclusive asymmetry at
the Tevatron. Because of Bose symmetry gg → ttX
does not contribute. The net effect for tt production at
the Tevatron is a difference in the rapidity distributions
of t and t¯: slightly more t (t¯) are produced in the forward
direction yt > 0 (backward direction yt¯ < 0) than in the
backward direction (forward direction).
The tt charge asymmetry for the Tevatron was computed in QCD first in Ref. [36], including an estimate
of the electroweak corrections. The mixed QCD-weak
corrections were taken into account in Ref. [37]. In
Ref. [38] it was shown that the mixed QCD-QED corrections are significant.
In recent years this observable has caused considerable excitement, because the first measurements of AtFB

7

AFNPY [40]

Att¯ [%]
7.24+1.06
−0.72

Att¯(Mtt¯ > 450 GeV) [%]
11.1+1.7
−0.9

HP [38]

8.9+0.8
−0.6

12.8+1.1
−0.9

KR [41]
BS [42]

8.7 ± 1.0
8.7 ± 0.6

12.8 ± 1.1
12.9 ± 0.7

Table 3: Recent experimental results on the tt charge asymmetry at the
Tevatron by the CDF [45] and D∅ [46] experiments. The D∅ result for
Att in bins of Mtt agrees with the SM predictions compiled in Tab. 2.

CDF [45]
D∅ [46]

Att [%]
16.4 ± 4.7
10.6 ± 3.0

Att (Mtt ≥ 450GeV) [%]
29.5 ± 6.6

The most recent measurements of the asymmetry Att
by the CDF [45] and D∅ [46] experiments at the Tevatron are given in Tab. 3. The inclusive measurements
agree quite well with the NLO SM predictions compiled
in Tab. 2, while the CDF high mass asymmetry is still
∼ 2.4σ above the SM predictions. However, the recent
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D∅ measurement [46] of Att in bins of Mtt (and in bins of
|∆y|) are consistent with the corresponding SM results.
Top-quark charge asymmetry at the LHC
At the LHC, the initial pp state is in a parity
eigenstate. Therefore, the integrated forward-backward
¯
laboratory-frame asymmetry vanishes: AtFB = AtFB
= 0.
The parton distribution functions imply that in pp collisions, the reactions qq̄ → tt(g) (q = u, d) are dominated
by q with large xq and q̄ with small xq̄ . The QCD production of tt then leads to t (t¯) quarks which are preferentially emitted in the direction of the incoming q (q̄).
In the laboratory frame this means that in the forward
and backward region there are more t than t¯, while it is
opposite in the central region. Using the difference of
rapidity-moduli ∆|y| = |yt | − |yt¯|, a charge asymmetry AC
for tt production at the LHC, which is non-zero within
the SM, can be defined by
AC =

N(∆|y| > 0) − N(∆|y| < 0)
.
N(∆|y| > 0) + N(∆|y| < 0)

(9)

The fixed-order SM predictions (NLO QCD and electroweak corrections) of Ref. [41] and Ref. [42] (which
use different PDF sets) are given, for the LHC at 7 and
8 TeV, in Tab. 4. At the LHC (7 TeV) the electroweak
corrections amount to ∼ 15%. The measurements of
AC by the CMS [47, 48] and ATLAS [49] experiments,
collected in Tab. 5, are compatible with these SM results. The asymmetry AC was also calculated differentially [42] in bins of ∆|y| and Mtt . These results also
agree with the corresponding measurements by ATLAS
and CMS.
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Lepton asymmetries in ` + jets and `` final states
The measurement of the top-quark charge asymmetries at the Tevatron and the LHC is, in fact, a very difficult experimental task because it requires to ‘clean’ the
data from detector effects and then to unfold the data
by sophisticated techniques from the level of final-state
hadronic jets and leptons to the level of the intermediate
t and t¯ quarks. On the other hand, the top-quark charge
asymmetry induces also asymmetries of the daughter
leptons from semileptonic top-quark decay. Although
these asymmetries are expected to be smaller than the
corresponding ones for top quarks, because the charged
lepton does not strictly follow the direction of its topquark parent, the leptonic asymmetries are expected to
be less dependent on detector resolution and unfolding
and should allow for a more direct comparison between
theory and experiment.
Leptonic charge asymmetries were analyzed in
Ref. [37, 42] for the Tevatron and LHC. For the Tevatron
tt production and decay to dileptonic and semileptonic
final states were considered,
p p̄ → tt + X → `± + jets,

`+ `0− + jets .

(10)

For these two types of events the following single lepton
and dilepton charge asymmetries can be defined:
N(q` η` > 0) − N(q` η` < 0)
,
N(q` η` > 0) + N(q` η` < 0)
N(∆η` > 0) − N(∆η` < 0)
A`` =
,
N(∆η` > 0) + N(∆η` < 0)

A` =

(11)
(12)

where η` denotes the pseudo-rapidity of `± , ∆η` = η`+ −
η`− , and q` is the lepton charge. For the LHC, dileptonic
final states were investigated:
pp → tt + X → `+ `0− + jets .

(13)

Table 4: SM predictions for the tt charge asymmetry at the LHC.

KR [41]
BS [42]

AC (7 TeV) [%]
1.15(6)
1.23(5)

AC (8 TeV) [%]
1.01(5)
1.11(4)

Table 5: Recent experimental results on the tt charge asymmetry at
the LHC.

CMS [47, 48]
ATLAS [49]

AC (7 TeV) [%]
−1.0 ± 1.9
0.6 ± 1.0

AC (8 TeV) [%]
0.5 ± 0.9

Here a dileptonic charge asymmetry can be defined in
the following way:
A``
LHC =

N(∆|η` | > 0) − N(∆|η` | < 0)
.
N(∆|η` | > 0) + N(∆|η` | < 0)

(14)

where ∆|η` | = |η`+ | − |η`− |.
These leptonic charge asymmetries were computed in
Ref. [42] at NLO in the SM gauge couplings (NLO
QCD in tt production and decay including electroweak
corrections). The results are given in Tab. 6 and 7 without acceptance cuts, because the experimental results,
which are also collected in these tables, were provided
in this way. All experimental results are compatible
with the theoretical predictions.
In conclusion, apart from the tension of the CDF
high-mass tt asymmetry with SM predictions, the tt and
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Table 6: SM predictions [42] for the dilepton and single lepton charge
asymmetries at the Tevatron and corresponding results of the D∅ and
CDF experiments. The experimental results are taken from the review
of Ref. [50].

BS [42]

A` [%]
3.8 ± 0.3

A`` [%]
4.8 ± 0.4

D∅ (dilepton)

4.4 ± 3.9

12.3 ± 5.7

D∅ (`+ jets)
CDF (dilepton)
CDF (`+ jets)

4.7 ± 2.6
7.2 ± 6.0
9.4 ± 3.2

7.6 ± 8.1

Table 7: SM predictions [42] for the dilepton charge asymmetry at the
LHC and corresponding results of the CMS and ATLAS experiments.
The experimental results are taken from the review of Ref. [51].

A``
LHC (7 TeV) [%]

A``
LHC (8 TeV) [%]

BS [42]

0.70 ± 0.03

0.64 ± 0.03

CMS

1.0 ± 1.6

ATLAS

2.3 ± 1.4

the leptonic charge asymmetries measured at the Tevatron and at the LHC are compatible with the corresponding SM results.
2.5. Top-quark polarization and tt spin correlations
A well-known property of the top quark, which sets
it apart from the other quarks, is that it decays before
being able to form a hadronic bound-state. This offers
the unique possibility to explore the interactions of a
bare quark, in particular top spin effects, that is, t and t¯
polarization and tt spin correlations.
In this section we consider the production of tt pairs
at the Tevatron and at the LHC. The degree of top polarization and the strength of the correlation of the t and t¯
spins depends on the tt production dynamics and, for
a certain production dynamics, on the choice of reference axes which can be interpreted as t- and t¯-spin
quantization axes, see below. These top-spin effects
induce characteristic angular distributions and correlations among the final-state leptons and/or jets originating from top-quark and anti–top-quark decay, which can
be measured.
First, we discuss tt production and decay into dileptonic and lepton plus jets final states within the SM. It
is well-known that the charged lepton from top-quark
decay t → q`ν` , q = b(s, d) has the largest, i.e. max-
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imal top-spin analyzing power (due to the V − A type
interaction). Therefore the dileptonic decay channels
are the most suitable ones for measuring tt spin correlations, while `± + jets final states can be used to exploring t and t¯ polarization. A traditional way of investigating top-spin effects in tt production proceeds as
follows. For definiteness we consider first the dileptonic
decay channels. One defines two reference axes â and
b̂ (unit vectors), the ‘t- and t¯-spin quantization axis’, respectively. One determines the `+ and `0− directions of
flight in the t and t¯ rest frames, respectively, and measures the double distribution of the angles θ+ = ∠(`ˆ+ , â)
and θ− = ∠(`ˆ− , b̂) in the t, t¯ rest frames. If no acceptance
cuts are applied, this double angular distribution has the
form (cf. Refs. [8, 52])
d2 σ
1
1
= 1 + B1 cos θ+
σ d cos θ+ d cos θ− 4
!
+B2 cos θ− − C cos θ+ cos θ− .

(15)

The coefficients B1 and B2 encode the degree of polarization of the t and t¯ samples with respect to the axes
â and b̂, respectively, while C is a measure of the correlation of the t and t¯ spins. The polarization degrees
can be obtained from the slopes of the one-dimensional
distributions

1 dσ
1
=
1 + B1,2 cos θ±
(16)
σ d cos θ± 2
which follow from Eq. 15. The t and t¯ polarization degrees are given by
P(â) = h2St · âi ,

P̄(b̂) = h2St¯ · b̂i ,

(17)

where St , St¯ denotes the t and t¯ spin operator, respectively. The following relations hold:
B1 = P(â) κ` ,

B2 = −P̄(b̂) κ` ,

(18)

where κ` is the top-spin analyzing power of the charged
lepton from top decay. (In the convention used here,
κ`+ = κ`− = κ` .) At NLO QCD its value is κ` = 0.999.
The correlation of the the t and t¯ spins is given by
A
,
4
where A denotes the double spin asymmetry
h(St · â)(St¯ · b̂)i =

A=

N(↑↑) + N(↓↓) − N(↑↓) − N(↓↑)
.
N(↑↑) + N(↓↓) + N(↑↓) + N(↓↑)

(19)

(20)

The following relation holds between A and the correlation coefficient C of Eq. 15:
C = A κ`2 .

(21)

W. Bernreuther, P. Uwer / Nuclear Physics B Proceedings Supplement 00 (2015) 1–29

Instead of measuring the two-dimensional distributions
one may consider the distribution of the variables
cos θ+ cos θ− for any choice of reference axes â, b̂ [52].
One obtains that
C = −9 hcos θ+ cos θ− i .

(22)

For the `+ jets (or the all jets) decay channels, relations analogous to Eqs. 15–22 hold. In the case of
non-leptonic top-decay t → b jet + jets, the analyzing
power of the jet which is used to analyze the top spin,
enters these formulae. Experimentally useful choices
for this purpose are the b jet or the least-energetic nonb jet. Both have top-spin analyzing power significantly
smaller than one [53].
For some choices of reference axes, including the helicity basis (see below), the contributions from qq̄ → tt
and gg → tt to the correlation coefficient C enter with
opposite sign. If eventually no sign of new physics contributions to hadronic tt production will be found, one
may use these spin correlations for a detailed exploration of the parton content of the proton [8].
Hadronic tt production is dominated by QCD. Simple tree-level considerations reveal the following: Near
threshold the tt pair produced by qq̄ annihilation is in a
3
S 1 state, while it is in a 1 S 0 state for gg → tt. At high
energies, i.e., for top-velocity βt → 1, helicity conservation of the SM gauge interactions implies that tR t¯L , tL t¯R
events dominate over tR t¯R , tL t¯L . Here, the labels R, L refer to helicity. For tt production at the Tevatron, which
is dominated by qq̄ → tt one expects therefore a large
SM induced tt spin-correlation for the choice â = b̂ = p̂,
where p̂ is the direction of the proton beam. A slightly
larger SM effect is obtained if one chooses â and b̂
such that the tt spin-correlation is maximal for treelevel tt production by qq̄ annihilation—the so-called
off-diagonal basis [54]. At the LHC, where the gg → tt
production mode is dominant and the top quarks have,
on average, more relativistic speeds than at the Tevatron, the helicity basis â = k̂t ≡ k̂, b̂ = k̂t̄ ≡ −k̂ (in
the tt zero-momentum frame) is a good choice. A larger
SM effect is obtained if â and b̂ are chosen such that
the tt spin-correlation is maximal for tree-level gg → tt
production—the so-called maximal basis [55]. For the
dileptonic decay channels the opening angle between
the lepton directions of flight, determined in the t, respectively in the t¯ rest frame, ϕ = ∠(`ˆ+ , `ˆ− ) is another
useful observable for tracing tt spin correlations [56].
In the absence of acceptance cuts its distribution is of
the form
1 dσ
1
= (1 − D cos ϕ) ,
σ d cos ϕ 2

(23)
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and
D=

4
hSt · St¯i κ`2 .
3

(24)

This observable samples the diagonal terms of the tt
production density matrices.
The observables discussed above are designed such
that the distributions Eq. 15, Eq. 23 are flat if the polarization of t, t¯ and the tt spin correlations are zero. On the
other hand, for the measurement of these distributions,
the t and t¯ rest frames have to be determined which is a
difficult experimental task. From the experimental point
of view, a simpler observable is the difference of the
`± azimuthal angles measured in the laboratory frame,
∆φ = φ`+ − φ`− . Although the distribution σ−1 dσ/d∆φ
is non-flat even if the t and t¯ were completely uncorrelated, its shape is sufficiently distinct from the shape
resulting from t and t¯ being fully correlated, see Fig. 10.
This allows for an experimental discrimination.
Let us first discuss the polarization of the t and t¯
samples in hadronic tt events. Because QCD is parity
invariant, the strong interactions cannot induce a nonzero longitudinal polarization, i.e., a polarization in the
production plane. The parity-violating weak interaction
contributions to tt production induce a nonzero but very
small polarization P, P̄. This SM-induced weak interaction polarization was computed in Refs. [30, 32, 57]
for tt production at the Tevatron and the LHC. The topquark polarization P(k̂) in the helicity basis was measured by ATLAS [58] and CMS in `+ jets events at
the LHC [59] (7 TeV). The results are given in Tab. 8,
together with the SM prediction. The SM-induced
polarization P(k̂) increases somewhat with increasing
√
hadronic center-of-mass energy shad , but does not ex√
√
ceed 1% for shad = 14 TeV. For fixed shad , the polarization P(k̂) increases for samples with large Mtt due
to the presence of weak Sudakov logarithms, but on the
other hand, the event rate decreases rapidly. CP invariance implies that P(k̂) = P̄(−k̂). The observables P(k̂)
and P(p̂) are useful for the search for parity-violating
new physics contributions to tt production. Such contributions were discussed, for instance, in the context of
the apparent discrepancy between the tt charge asymmetry measured at the Tevatron and the corresponding SM predictions. (For a review and references, see
Ref. [39].)
The absorptive parts of the tt production amplitudes induce a polarization of the t and t¯ samples normal to the
production plane (transverse polarization). The QCDinduced transverse polarization of t and t¯ were computed in Ref. [60] from the absorptive parts of the NLO
QCD qq̄, gg → tt amplitudes. This QCD-induced polar-
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ization is also small. At the LHC (8 TeV) P(n̂) = P̄(n̂)
= 0.35% (n̂ = (p̂ × k̂)/|p̂ × k̂|).
Table 8: SM prediction [30, 32, 57] and experimental results for the
polarization of t quarks along the helicity axis in tt events at the LHC
(7 TeV).

LHC (7 TeV)
P(k̂) [%]

SM
0.3

ATLAS [58]
−3.5 ± 1.4 ± 3.7

CMS [59]
0.5 ± 2.1

Contrary to top-quark polarization, the correlation of
the t and t¯ spins is a large effect in the SM, because it is
induced already at lowest order QCD. Spin correlation
effects, i.e., the distributions Eq. 15 and Eq. 23 were
computed at NLO QCD in Refs. [8, 52] and, including
weak interaction corrections, in Refs. [42, 57]. Some
of these results, namely the helicity correlation and the
opening angle distribution for dileptonic tt events at the
LHC, 7 and 8 TeV, are given in Tab. 9. In Refs. [42, 57]
also the distribution σ−1 dσ/d∆φ mentioned above was
computed at this level of perturbation theory. It is shown
in Fig. 10 for dileptonic tt events at the LHC, 7 TeV.
For comparison, also the resulting distribution is shown
when the tt spin correlations are switched off.
Table 9: SM predictions [42, 57] for the correlation coefficient C of
the double distribution (15) in the helicity basis and of the correlation coefficient D in the opening angle distribution (23), at NLO QCD
including weak interaction corrections, for dileptonic tt events at the
LHC, 7 and 8 TeV. The results given in this table were obtained by
Taylor-expansion of the normalized distributions to next-to-leading
order in the gauge couplings.

LHC (7 TeV)
LHC (8 TeV)

Chel
0.310(6)
0.318(5)

D
−0.223(4)
−0.228(5)

On the experimental side, evidence for tt spin correlations were first reported by the D∅ experiment at
the Tevatron [61] (with large experimental uncertainties,
but consistent with the SM prediction). Observation of
tt spin correlations in dileptonic events was made first
by the ATLAS experiment [62] at the LHC, by the measurement of the ∆φ distribution and the distribution of
cos θ+ cos θ− in the helicity basis (cf. Eq. 22) for dileptonic tt events at 7 TeV. More recently, these measurements were also made by the CMS experiment [59] and
repeated by ATLAS [63] with higher statistics for a set
of variables including the correlation in the maximal basis. All of these experimental results at the LHC agree

Figure 10: SM prediction for (σ−1 dσ/d∆φ)S M at NLO QCD including weak corrections of the normalized dilepton ∆φ distribution at the
LHC (7 TeV). Dashed = uncorrelated, solid = correlated. The chosen
scales are µ = mt (black), 2mt (red), and mt /2 (green). (Color code in
online version only.) No cut on Mtt was applied. From Ref. [57].

with the corresponding SM predictions. Measurements
for tt events recorded at 8 TeV are underway.
Nevertheless, the experimental precision achieved by
ATLAS and CMS so far still does not preclude the possibility that there are new physics contributions to these
t, t¯ polarization and correlation observables of the order of several percent. There is a huge literature on
new physics contributions to tt production and decay,
both within specific extensions of the SM and in the
framework of effective field theory. Assuming that new
physics effects in hadronic tt production are induced
by new heavy particle exchanges (characterized by a
mass scale M) one may construct a local effective Lagrangian Le f f that respects the SM gauge symmetries
and describes possible new physics interaction structures for energies smaller than M. Recent analyses include Refs. [64, 65, 66]. If one confines oneself to interactions of mass dimension 5 after spontaneous electroweak symmetry breaking then the new-physics part
of Le f f relevant for hadronic tt production is given in
terms of chromo dipole couplings of the top quark to
the gluon(s):
Le f f

=

LS M

−

µ̃t µν a a
d̃t
t¯σ T tGµν − t¯iσµν γ5 T a tGaµν , (25)
2
2
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where µ̃t and d̃t are the chromo-magnetic (CMDM)
and chromo-electric (CEDM) dipole moment of the top
quark, respectively, Gaµν denotes the gluon field strength
tensor, and T a the generators of S U(3) color. In particular, a sizeable non-zero CEDM would signal a new
type of CP-violating interaction beyond the KobayashiMaskawa CP phase.
It is customary to define dimensionless chromo moments µ̂t , d̂t by
gs
gs
(26)
d̃t = d̂t ,
µ̃t = µ̂t ,
mt
mt
where mt denotes the top-quark mass and g s is the QCD
coupling.
In Ref. [57] the top CMDM and CEDM contributions
to a number of distributions related to top-spin effects
were computed, and it was analyzed how these chromo
moments distort the respective NLO SM predictions.
The analysis of Ref. [57] is based on the following:
i) Non-zero top CMDM and CEDM contribute also
to the total tt cross section. By comparison of
the measured tt cross section at the Tevatron and
the LHC with respective predictions at NLO QCD
one obtains correlated bounds on the dimensionless moments µ̂t and d̂t . For a recent analysis, see
Ref. [67]. These correlated bounds imply that the
moduli of µ̂t and d̂t must be significantly smaller
than one, if non-zero at all. Therefore it is legitimate to take into account only contributions of µ̂t
and d̂t to the top-spin observables which are linear
in these moments.
ii) The anomalous interactions Eq. 25 are nonrenormalizable. In a ultraviolet completion of the
model the anomalous couplings µ̂t and d̂t are limits of form factors which depend on (a) kinematic
invariant(s) and they can have also absorptive parts
if the 4-momentum transfer q2 in a gluon-top vertex is time-like, in particular if q2 > 4m2t . Therefore, the following parameterization was used in
Ref. [57]:
µ̂t = Reµ̂t +iImµ̂t ,

d̂t = Red̂t +iImd̂t .(27)

Imaginary parts were taken into account if the 4momentum transfer q2 > 4m2t in the respective
gluon-top vertex. Notice that µ̂t , d̂t parameterize by
definition only new physics contributions to gtt and
ggtt vertices. It is assumed that µ̂t , d̂t are constants.
As only normalized top-spin observables are considered, this assumption does not spoil perturbative
unitarity.
iii) No other top-decay mode than t → Wb was observed so far. The t → Wb decay amplitude
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may also be affected by new physics contributions
which can also be parameterized by anomalous
couplings. From the experimental analysis of topquark decay one knows that the moduli of these
anomalous couplings must also be significantly
smaller than one, if non-zero at all, see Sect. 5.
Therefore, it is legitimate to take into account only
anomalous contributions to t → Wb which are linear in these moments. In Ref. [57] only distributions were analyzed where the charged lepton(s)
act(s) as top spin analyzer(s). It has been shown
[68, 69, 70] that, in this linear approximation, the
charged-lepton angular distributions of polarized
top-quark decay are not distorted by these couplings. That is, the top-spin analyzing power of
the lepton retains its SM value κ` = 0.985.
Items i) - iii) imply that the leptonic angular distributions for dileptonic and semileptonic tt events receive
only contributions from the complex top-quark chromo
moments (Eq. 27). Moreover, distributions were used
in Ref. [57] which transform in a definite way with respect to CP and naive T N transformations. This implies
that each of these distributions receives, in the linear
approximation, a contribution from only one of the four
moments (Eq. 27), but not from a combination of these
moments.
For instance, the helicity and beam correlation, the
opening angle distribution, and the ∆φ distribution receive a contribution from Reµ̂t only. This result was
recently used by the CMS experiment. From the comparison of the measured ∆φ distribution for dileptonic
events at 7 TeV with the SM distribution, CMS derived
the bound [71]
−0.043 < Reµ̂t < 0.117

@ 95%CL .

A non-zero CEDM Red̂t can be traced with CP-odd
triple correlations. A suitable observable is
OCP = (`ˆ+ × `ˆ− ) · k̂ .

(28)

The SM contribution to its expectation values is negligible (recall that pp is not a CP eigenstate). For dileptonic
tt events at the LHC (8 TeV) one obtains [57]
hOCP i = c Red̂t ,

c = −0.415(6) .

(29)

The corresponding CP asymmetry is
ACP

=
=

N`` (OCP > 0) − N`` (OCP < 0)
N``
9π
hOCP i .
16

(30)
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This relation holds if no acceptance cuts are applied, but
is valid also if cuts on Mtt are made. This observable
has not yet been measured. A systematic experimental
search for anomalous top chromo moments by measuring spin observables has not yet been done.
3. Hadronic top-quark pair production in association with an additional jet
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Figure 11: Pentagon topologies contributing to top-quark pair production in association with an additional jet.

A significant fraction of top-quark pair events produced in hadronic collisions is accompanied by an additional jet. For example, requiring a minimum transverse
momentum of 50 GeV for the additional jet, about 30
per cent of the top-quark pair events are produced in association with a further jet. A precise theoretical understanding of the jet activity is thus mandatory for any topquark analysis. Since LO QCD predictions suffer from
a large scale dependence, reliable predictions can only
be obtained by calculating the NLO corrections. Some
sample diagrams contributing to tt + 1-jet production at
NLO QCD are shown in Fig. 11. In Refs. [14, 15] the
NLO corrections have been calculated. For the virtual
corrections two different algorithms for the reduction
of one-loop tensor integrals to scalar one-loop integrals
were used. In one calculation, the method developed
in Ref. [72] is used to reduce the pentagon diagrams to
scalar one-loop integrals. In the second calculation, the
technique proposed in Ref. [73] has been applied. For
the box and lower point topologies private implementations of the Passarino-Veltman [74] reduction procedure
have been used. The virtual corrections were evaluated
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using the spinor helicity formalism, allowing in principle to study also polarization dependent cross sections.
For the real corrections Madgraph [75] generated code
as well as a private implementation of the matrix elements has been used. The divergences in the real corrections were extracted using the Catani-Seymour subtraction formalism [76, 77]. In Ref. [14] the ‘inclusive’ jet
cross section and the forward-backward charge asymmetry were studied. As expected, the inclusion of the
NLO corrections leads to a significant reduction of the
scale dependence of the cross section predictions. This
is shown in Fig. 12 where results for the Tevatron and
the LHC are given. (Note that the renormalization scale
is set equal to the factorization scale.) In both cases,
for the LHC and the Tevatron, a minimum transverse
momentum of 20 GeV for the additional jet is required.
The top-quark mass is renormalized using the pole mass
scheme. The value mt = 174 GeV is used. In addition
to the improved scale dependence, one can observe that
around µ = mt the NLO corrections are very small and
develop a plateau. This choice, i.e., setting the renormalization and factorization scale equal to the top-quark
mass, thus provides a good convergence of the perturbative expansion. In Ref. [14] also the forward-backward
charge asymmetry is calculated. While in inclusive topquark pair production the asymmetry appears first at the
one-loop order, in tt + 1-jet production the asymmetry is
already present in Born approximation. The NLO calculation thus allows to calculate also the higher order corrections for the charge asymmetry. The results obtained
in Ref. [14] are shown in Fig. 13. As discussed in Sect.
AtFB

0.04

pp̄ → tt̄+jet+X
√
s = 1.96 TeV
pT,jet > 20GeV

0.02
0

−0.02
−0.04
−0.06
−0.08
−0.1
−0.12
0.1

NLO (CTEQ6M)
LO (CTEQ6L1)
1

10

µ/mt
Figure 13: Next-to-leading order QCD corrections for the forwardbackward charge asymmetry in p p̄ → tt + 1-jet + X. [14]

2.4 the charge asymmetry is defined as a cross section
ratio. As a consequence, the leading power in α s can-
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Figure 12: Scale dependence of the LO and NLO QCD cross section for tt + 1-jet production. The top-quark mass is renormalized in the on-shell
scheme.

cels. Furthermore, also the factorization scale dependence cancels to some extend between the numerator
and the denominator. This explains the small scale dependence of the LO result shown in Fig. 13. Evidently,
the scale variation does not provide a sensible estimate
of the uncalculated higher order corrections. Indeed,
Fig. 13 shows a very large shift of the predictions, when
including the NLO corrections. While to Born approximation the asymmetry is of the order of −7% to −8%, at
NLO QCD the prediction is reduced to the range 0% to
−3% depending on the chosen scale. It has been speculated that something similar could also happen in case
of the inclusive tt asymmetry, where until recently the
predictions have been only leading-order in QCD. In
Ref. [78] it has been argued that in tt + 1-jet production
the large corrections to the charge asymmetry are due to
two different effects which appear at different orders in
the perturbative expansion. Due to the recoil, hard gluon
emission leads to a forward-backward charge asymmetry. This effect is present already in leading-order in the
tt + 1-jet asymmetry. Beyond leading-order, also soft
gluon emission can contribute to the charge asymmetry.
In tt + 1-jet production this effect requires at least NLO
accuracy and could be responsible for the large corrections. In contrast, in case of the inclusive asymmetry,
both effects are present already in the leading order prediction. As a consequence no large corrections are expected [78].
In Ref. [15] the NLO corrections were extended to
differential distributions. In particular, the dependence

Table 11: Cross section σttjet at the LHC (14 TeV) for different values
jet

of pT,cut for µ = µfact = µren = mt [15]. The numbers in superscripts
and subscripts are the shifts towards µ = mt /2 and µ = 2mt , respectively.

jet

pT,cut [GeV]
20
50
100
200

σttjet [pb]
LO
NLO
+358
710.8(8)−221 692(3)3−40
−62
326.6(4)+168
376.2(6)+17
−48
−103
146.7(2)+77
175.0(2)+10
−47
−24
46.67(6)+26
52.81(8)+0.8
−15
−6.7

of the results on the transverse moment cut applied to
the additional jet, was investigated.
Tab. 10 taken from Ref. [15] shows the results for p p̄
collisions at the Tevatron collider. In this case, positive corrections of about 13% are observed for the inclusive jet cross section, independent of the applied pT cut. Since the jet cross section diverges logarithmically
for pT,cut → 0, the results increase for decreasing pT,cut .
In contrast, the asymmetry becomes increasingly negative with increasing pT,cut . This is not surprising, since
harder jets lead to an increased recoil of the top quarks.
In addition the QCD corrections also increase with increasing pT,cut .
In Tab. 11 the cut dependence is studied for the LHC
(14 TeV). The NLO corrections are typically of the order of 15% and are only mildly dependent on the cut.
As an example of a differential contribution calculated
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jet

Table 10: Cross section σttjet and forward–backward charge asymmetry AtFB at the Tevatron for different values of pT,cut for µ = µfact = µren = mt
[15]. The numbers in superscripts and subscripts are the shifts towards µ = mt /2 and µ = 2mt , respectively. The uncertainty due to the numerical
integration is given in parentheses.

σttjet [pb]
jet
pT,cut

[GeV]
20
30
40
50

LO
1.583(2)+0.96
−0.55
0.984(1)+0.60
−0.34
0.6632(8)+0.41
−0.23
0.4670(6)+0.29
−0.17

NLO
1.791(1)+0.16
−0.31
1.1194(8)+0.11
−0.20
0.7504(5)+0.072
−0.14
0.5244(4)+0.049
−0.096

in Ref. [15] we show in Fig. 14 the pseudo rapidity
distribution of the top-quark in tt + 1-jet events at the
Tevatron. The distribution is asymmetric already at LO


dσ
dηt



AtFB [%]

[fb]

1000

LO
−7.69(4)+0.10
−0.085
−8.29(5)+0.12
−0.085
−8.72(5)+0.13
−0.10
−8.96(5)+0.14
−0.11

NLO
−1.77(5)+0.58
−0.30
−2.27(4)+0.31
−0.51
−2.73(4)+0.35
−0.49
−3.05(4)+0.49
−0.39

moderate K-factor with only minor variations over the
considered range, large corrections are observed at large
pT in case of the transverse momentum distribution of
the additional jet. At high scale, the large transverse momentum of the jet introduces an additional energy scale
different from the top-quark mass. In this situation the
top-quark mass no longer corresponds to the typical energy scale of the problem. Using a phase-space dependent renormalization scale may thus lead to an improved
behavior of the perturbation theory.

100
NLO
LO
10

pp̄ → tt̄ + jet + X
√
s = 1.96 TeV
1
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Figure 14: Pseudo-rapidity distribution of the top quark in tt + 1-jet
events at the Tevatron [15].

QCD, leading to the forward-backward charge asymmetry discussed before. In addition, it can be seen that the
NLO corrections strongly depend on the rapidity, such
that the leading-order asymmetry is almost washed out.
Furthermore, the scale uncertainty is significantly reduced in the entire rapidity range. In addition to the
rapidity distributions, the transverse momentum distribution of the top quark, the tt system, and the additional
jet has been investigated in Ref. [15] for the Tevatron
and the LHC. While the first two distributions show a

The findings of Refs. [14, 15] have been confirmed in
Ref. [78, 79] where also the top-quark decay has been
included. In Refs. [80, 81] the fixed-order predictions
for tt + 1-jet production are combined with the parton
shower. Furthermore, the top-quark decay is included.
The full spin information is taken into account in the
top-quark decay. In Ref. [81] the impact of the partonshower on various differential distributions is studied in
detail. In particular, the forward-backward asymmetry
is investigated. While the differences due to a different modeling (HERWIG/Phythia) of the parton shower
are moderate, it turns out that the inclusion of the parton
shower changes significantly the fixed order predictions.
This is in agreement with the discussion presented before.
In Ref. [82] it has been argued that tt + 1-jet events
may be used to measure the top-quark mass. Since the
gluon emission from a massive quark depends on the
mass of the emitting quark, the additional jet may increase the sensitivity to the top-quark mass compared
to the tt inclusive cross section. For the ‘inclusive’ jet
cross section, as shown for example in Tabs. 10, 11, it
turns out that the sensitivity to the top-quark mass is
however very similar to the respective sensitivity of the
inclusive tt cross section. To enhance the mass effect, it
is thus important to focus on phase-space regions were
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larger effects can be expected. In Ref. [82] the quantity
R(mt , ρ s ) =

dσtt¯+1-jet
(mt , ρ s ),
σtt¯+1-jet dρ s
1

t

t

b
W

W

b

(31)

b)

a)

where ρ s is defined as
2m0
ρs = √
stt¯ j

t

t

b

16

c)

d)

Figure 15: Feynman diagrams contributing to single top-quark production in leading order.

(32)

is proposed. Here, m0 is an arbitrary mass scale of
the order of the top-quark mass and stt¯ j denotes the invariant mass of the tt + 1-jet final state (In Ref. [82]
m0 = 170 GeV is used). For ρ s ≈ 0.8 the observable
R becomes very sensitive to the top-quark mass. In this
region a one percent variation of the mass leads roughly
to a 20 percent variation of R. A measurement of the
distribution R can thus be used to determine the topquark mass. Since the mass is obtained through a fit of
the theoretical predictions to the measured distribution,
the mass is extracted in a well defined renormalization
scheme—similar to the extraction from the inclusive tt
cross section as discussed in Sect. 2.3. Very recently
a first measurement of the top-quark mass using the R
observable has been presented by the ATLAS collaboration using the 7 TeV data [83]. The result
mt = 173.7 ± 1.5(stat.) ± 1.4(syst.)+1.0
−0.5 (theo.) GeV
is in very good agreement with the measurements based
on the kinematic reconstruction. Using a larger data set
the statistical and to some extend also the systematic
uncertainties will be reduced in the future—making the
approach competitive with established methods.
4. Hadronic production of single top quarks
While top quarks are dominantly produced in pairs
in hadronic collisions, the flavor changing charged currents of the weak interaction allow also the single production of top quarks or anti-quarks. Single top-quark
production is interesting, since it offers a sensitive probe
to the weak interactions of the top quark. In particular, the V − A structure, as predicted in the SM, can
be tested. In addition, single top-quark production provides a unique source of polarized top quarks. Furthermore, the process is sensitive to the last row of the CKM
matrix, in particular to the matrix element Vtb . A precise
measurement of single top-quark production can also be
used to constrain the bottom PDF.
Feynman diagrams contributing to single top-quark
production in leading-order are shown in Fig. 15.
Depending on whether the momentum of the W-boson
is space-like, time-like, or on-shell the production

mechanism is called t-channel (Fig. 15 a), s-channel
(Fig. 15 b), or Wt production (Fig. 15 c,d). The NLO
QCD corrections for the different channels were calculated in Refs. [9, 10, 11, 84, 85, 86, 87, 88, 89]. An
overview of the NLO predictions using recent input for
the top-quark mass and the parton distribution functions
is given in Tab. 12. For the t-channel, the most important channel both at the Tevatron and the LHC, the radiative corrections are very small. For the setup used
in Tab. 12 the NLO contribution is of the order of a
few percent. One may speculate, whether the corrections in the t-channel are accidently small, because they
are the result of a significant cancellation of individual
contributions. Furthermore, owing to the simple color
structure of the Born amplitude, only vertex corrections
contribute to the NLO corrections. The box contributions vanish, when interfered with the Born amplitude.
It is worth noting that at NLO QCD no color exchange is
possible between the two quark lines. At NNLO QCD
color exchange is no longer forbidden and may affect
differential distributions.
Partial NNLO QCD results for the t-channel were
calculated recently in Ref. [91]. Indeed, the corrections are about −50% of the NLO corrections and larger
than one would naively expect. (From a phenomenological perspective they are however very small and
almost negligible given the currently achieved experimental uncertainty.) In Ref. [91] only the vertex corrections together with the corresponding real corrections are considered. In Ref. [92] the full set of twoloop t-channel corrections is studied as a step towards
the complete result. The two-loop amplitude A(2) for
u(ku ) + b(kb ) → t(kt ) + d(kd ) defined through
A =

α s (1)
A
4π
!
 α 2
s
(2)
A + ... ,
4π

∗
g2W Vtb Vud

+

A(0) +

(33)

where gW denotes the weak coupling, is further decomposed in Ref. [92] according to the color structure
!
1
A(2) = δtb δdu A(2)
+
δ
δ
−
δ
δ
A(2)
(34)
tu
db
tb
du
2 .
1
N
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Table 12: Cross sections for single top-quark production in pb, for mt = 173.3 GeV, µ = µR = µ f = mt and the MSTW2008lo/nlo PDF set, obtained
using the Hathor program [21, 90]. The numbers in sub- and superscripts denote the uncertainty due to scale variation and PDF uncertainties. The
scale uncertainty is estimated by varying the scale µ from mt /2 to 2mt .

LHC 13 TeV
σLO
t

σLO
t¯

t

135

79.8

s

4.27

2.63

tW

29.1

29.1

σNLO
t

Tevatron
σNLO
t¯

137 +4.0
−2.3

+1.0
−0.9
−0.06 +0.12
6.25 +0.09 −0.09
+0.7
29.3 +1.0
−1.3 −0.8

Here, t, b, d, u are the color indices of the quarks, N is
the number of colors (N = 3 for QCD). Since the color
structure of the Born amplitude is simply δtb δdu , the second structure again vanishes when interfered with the
Born amplitude. It is possible to decompose A(2)
1 further, into leading- and sub-leading color contributions:

82.1 +2.5
−1.3
3.97 −0.04
+0.05
29.2 +1.0
−1.3

+0.6
−0.8
+0.08
−0.07
+0.7
−0.8

σLO
t,t¯

σNLO
t,t¯

1.03

0.998 +0.025
−0.022

0.28

0.442 −0.023
+0.025

0.069

0.070 −0.002
−0.001

+0.029
−0.032
+0.015
−0.011
+0.008
−0.009

γ5 is legitimate, since no anomaly is encountered in the
present calculation and this prescription automatically
preserves the Ward identities. The decomposition of
A(2)
1 reads
X
fi × S i
(36)
A(2)
1 =
i=1

=

A(2)
1

(N 2 − 1)

A(2)
1,LC

with
!

+

1
1
.
T r (Bh + nl Bl ) + 2 A(2)
N
N 1,S C

(35)

The contributions Bh and Bl are due to self-energy insertions in the one-loop topologies. Bh is due to a
top-quark loop while Bl results from a massless quark
loop, and nl counts the number of massless quark flavors. In case of A(2)
1,LC , Bh and Bl only vertex corrections contribute. Sample diagrams are shown in Fig. 16.
Two-loop topologies contributing to A(2)
1,S C are shown

W
W

W

W

Figure 16: Sample topologies contributing to A(2)
1,LC .

in Fig. 17. In Ref. [92] the amplitude is further de-

Figure 17: Sample diagrams contributing to A(2)
1,S C .

composed into 11 different spin structures using a naive
anti-commuting γ5 . Working with an anti-commuting

S1

= u(kt ) γ7 u(kb ) × u(kd ) γ6 k/t u(ku ),

S2

= u(kt ) γ6 k/u u(kb ) × u(kd ) γ6 k/t u(ku ),

S3

= u(kt ) γ6 γµ1 u(kb ) × u(kd ) γ6 γµ1 u(ku ),
..
.
(37)

where u denotes a Dirac spinor and γ6 = 1 + γ5 ,
γ7 = 1 − γ5 . To achieve the decomposition shown in
Eq. 36 the two-loop tensor integrals have to be reduced
at least partially, to get rid of the loop momenta appearing in the numerator. For the vertex corrections,
two different techniques have been applied. One approach is to follow the method outlined in Refs. [93, 94]
to reduce the tensor integrals to scalar integrals with
raised powers of the propagators in higher dimensions
of space-time. In a second step these integrals are then
reduced to a small set of independent master integrals
using the integration-by-parts (IBP) identities [95, 96].
In the second approach projectors are used to determine the scalar functions fi . Calculating the trace after having multiplied with suitable projectors leads to
scalar products of the loop-momenta with external momenta. These integrals can again be reduced using IBP
relations. Technically, the reduction to the master integrals is done using the Laporta algorithm [97]. As
main working horse, the publicly available implementation Reduze1/Reduze2 [98, 99] has been used in
Ref. [92]. In addition, cross checks were made using
a private version of the program Crusher [100]. To

W. Bernreuther, P. Uwer / Nuclear Physics B Proceedings Supplement 00 (2015) 1–29

check the setup and as additional cross check the vector and axial-vector form factor have been reproduced.
(2)
For A(2)
1,LC , Bl and Bh and the vertex part of A1,S C analytic results in terms of the known master integrals
[101, 102, 103, 104, 105, 106, 107] are presented in
Ref. [92]. As far as the double box topologies are concerned, only the projection method has been used in
Ref. [92] to reduce the full amplitude to the different
spin structures and perform the reduction to the master integrals. Using the method of Refs. [93, 94] it was
not possible to achieve the reduction to master integrals.
For the most complicated double-box topologies the reduction has been done only for a special ratio of mt and
the W-boson mass mW . The relation
mt 2 14
≈
3
m2W
is used in Ref. [92]. Using this ratio, which is perfectly
compatible with the recent measurements, the number
of independent mass scales, which are treated algebraically in the reduction, is reduced by one. Using in
addition the top-quark mass to set the mass scale for all
dimensionful quantities, the number of scales is further
reduced. These simplifications are crucial to simplify
the algebraic complexity of the integral coefficients appearing in the Laporta reduction. As far as possible
the results obtained with Reduze2 were checked with
the aforementioned program Crusher. Further cross
checks have been done using a private implementation
of the Laporta algorithm making use of ICE [108] discussed in Sect. 6.3. Since the expression for the doublebox topologies are very lengthy and the master integrals
are still unknown the results are presented in Ref. [92]
in form of a computer library. More precisely the contribution of the different master integrals MIr to the
functions fi are expanded in the dimensional regulator
ε = (4 − d)/2:
fi =

4
XX
r

ε s fi,r,s MIr .

(38)

s=−5

The coefficients fi,r,s are encoded in a C++ library.
5. Top-quark decay
So far, the only decay modes of the top quark which
have been observed, i.e., semileptonic and non-leptonic
decays with an intermediate W and a b-jet, result from
t → Wb. In the SM the branching ratio B(t → Wb) '
0.998, while those of the Cabibbo-suppressed modes,
which have not yet been detected, are B(t → W s) '
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1.9 × 10−3 and B(t → Wd) ' 10−4 . For the dominant semileptonic and non-leptonic decay modes, the
branching ratios are, including the oder α s corrections
(` = e, µ, τ):
B(t → b`+ ν` ) ' 0.108,
B(t → bqq̄0 ) ' 0.337 × |Vqq̄0 |2 ,

(39)

where Vqq̄0 denotes a Cabibbo-Kobayashi-Maskawa
(CKM) matrix element. At the differential level, polarized semileptonic and non-leptonic top-quark decays
were analyzed to order α s in Ref. [109] and Ref. [53],
respectively, while to order α2s semileptonic top-quark
decays have been recently investigated [110, 111].
Polarized top-quark decay to `ν b-jet + jet
Gluon radiation can actually make up a fair fraction
of the total top-quark decay rate if the gluon energy Eg
is relatively low. For a gluon energy Eg ∼ 10 GeV the
branching ratio B(t → Wbg) ' 0.25. It is therefore of
interest to analyze top-quark decays with an additional
jet beyond LO QCD within the SM.
In Ref. [112] the decay of polarized top quarks to leptons, a b-jet and an additional jet was investigated at
NLO QCD, at the differential level, for an off-shell intermediate W boson.
t → W ∗+ + b jet + jet → `+ ν` + b jet + jet,

(40)

Jets were defined by the Durham algorithm [113]. Soft
and collinear singularities were handled by means of the
dipole subtraction method [77]. The decay rate and a
number of distributions were computed for different values of the jet resolution parameter Y. These include the
energy distributions of the (non) b-flavored jet and of
the charged lepton, the invariant mass distribution Mb`
∗
and the helicity angle cos θW`
. Of interest are also the
top-spin analyzing powers of the charged lepton and the
b-jet and their dependence on Y. Examples are given in
Tab. 13.
The results of Ref. [112] can be used as a building
block for predictions of top-quark production and decay
at NLO QCD, for instance for tt+ jet and single top +
jet production.
Anomalous form factors in t → Wb
New interactions which affect the top quark can contribute to the t → Wb decay amplitude and can cause
deviations from the strength and V-A Lorentz structure
of the tree-level SM amplitude. A model-independent
analysis of the structure of this vertex can be made using a form-factor decomposition. The amplitude MtbW
of the decay t(p) → b(k) W + (q), where all particles are
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Table 13: Top-spin analyzing powers of the charged lepton and the
b-jet in the decay (40), for two different values of the jet resolution
parameter Y.

κ`LO
κ`NLO
κbLO
κbNLO

Y = 0.01
0.981
0.983
-0.326
-0.319

Y = 0.001
0.993
0.996
-0.368
-0.364

MtbW + = − g√W2  µ∗ ūb [(Vtb∗ + fL )γµ PL
gL
gR
+ fR γµ PR + iσµν qν (
PL +
PR )]ut ,
mW
mW

The imaginary parts of the form factors, which can be
induced either by CP-invariant final-state rescattering or
by CP-violating interactions, are very small compared
to the real parts. Moreover, within the above models,
|Re fR |, |RegL |  |RegR | < |Re fL | .

on-shell, can be decomposed in terms of four form factors:
(41)

with PL,R = (1 ∓ γ5 )/2. Here Vtb is the CKM matrix element in the three-generation SM, and p, k, and q = p−k
denote the four-momenta of the t and b quark and the W
boson, respectively. The two chirality conserving and
flipping form factors fL,R and gL,R , respectively, are dimensionless (complex) functions of q2 . If the W boson
is off-shell, two additional form factors appear in the
matrix element (41). However, they do not contribute to
the matrix element of t → b f1 f¯2 in the limit of vanishing
fermion masses m f1,2 .
The parameterization in (41) is chosen in such a way
that non-zero values of fL,R and gL,R signify deviations
from the structure of the tree-level Born vertex. Such
deviations are generated both by SM loop corrections
and, possibly, by new physics interactions. In the SM
and in SM extensions which correspond to renormalizable theories, fL,R , 0 can appear at tree-level while
gL,R , 0 must be loop-induced. In the following we use
the convention that fL,R and gL,R parameterize only the
new physics contributions to t → bW. (In the framework of effective Lagrangians, fL,R and gL,R correspond
to constant anomalous couplings.)
In Ref. [114] the form factors fL,R and gL,R were computed for a number of phenomenologically acceptable
extensions of the Standard Model, namely a type-II nonsupersymmetric 2-Higgs doublet extension (2HDM),
the minimal supersymmetric extension (MSSM), a topcolor assisted technicolor model (TC2) and, cursorily,
a variant of the Little Higgs models. While in the
2HDM and the MSSM electroweak symmetry breaking
(EWSB) is triggered by elementary Higgs fields, the latter two models are paradigms for the special role the top
quark may play in the mechanism of EWSB. The magnitudes and phases of fL,R and gL,R were computed at
1-loop order. The results of this analysis are as follows.
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(42)

In the 2HDM and the MSSM, the magnitudes of the
anomalous couplings fL , gR are smaller than 1%. TC2
interactions can induce an anomalous form factor Re fL
as large as −0.06Vtb∗ . This would reduce the top width
by ∼ 10%. A reduction of similar size can happen in
Little Higgs models.
Direct empirical information about the anomalous
couplings fR ' Re fR , gR ' RegR , and gL ' RegL is
obtained from the measurement of the W helicity fractions
Fλ =

Γ(t → bW(λ))
,
Γ(t → bW)

λ = 0, ∓1 .

(43)

Comparison of the measured values of Fλ with the
SM predictions, which are available to order α2s [115],
yields correlated bounds on these couplings. For recent results of the Tevatron and LHC experiments, see
Refs. [116, 117, 118]. Strong bounds on fL , fR , and
gR can be derived [119] from B( B̄ → X s γ). The magnitudes of the anomalous form factors fL , fR , gL , and
gR which were computed in Ref. [114] for the SM extensions mentioned above and found to be very small
apart from fL , are not in conflict with these bounds. The
W helicity fractions do not provide information on the
anomalous form factor fL . In single-top-quark production at the LHC one may measure fL with a precision of
about 5%. The determination of the top width Γt with
an accuracy of about 10% would require a high-energy
e+ e− (linear) collider where Γt could be obtained from
fits to the precision measurement of the tt¯ production
cross section at threshold.
In Ref. [120] polarized semileptonic top-quark decay
t → b`ν` (g) was considered at NLO QCD, assuming a
small V + A admixture to the tWb vertex. It was analyzed how this admixture distorts energy and angular
distributions.
6. Methods and tools
6.1. NNLO antenna subtraction method
The computation of differential distributions in
higher oder QCD requires a method to handle the infrared (IR) singularities (i.e. soft and collinear singularities) which appear in the individual contributions
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to these distributions. At NNLO QCD, several methods have been developed. These include the sector decomposition algorithm [121, 122], the subtraction methods of [123], of Refs. [124, 125], Czakon’s method
[126, 127, 128], which can be used for massless and
massive partons, and the antenna subtraction method
[129, 130, 131, 132].
In Refs. [133, 134, 135] the NNLO QCD subtraction
terms were determined, within the antenna subtraction
framework, for reactions of the type
S → QQ +X,

(44)

where S denotes an uncolored initial state, for example, an e+ e− pair or an uncolored boson, and Q is a
massive quark. The antenna method was worked out
in Refs. [136, 137] for QCD processes at NLO involving massive quarks. Partial results exist for NNLO QCD
processes with colored initial states and massive quarks
in the final state [138, 139, 140, 141]. Very recently,
a NNLO QCD generalization of the phase-space slicing method has been presented by Refs. [142, 143] for
e+ e− → γ∗ → QQ̄X.
To order α2s the differential cross section of the reactions (44) is given, schematically, by
dσ = dσLO + dσNLO + dσNNLO .

(45)

The term dσNNLO receives the following contributions:
i) the double virtual correction dσVV
NNLO associated
with the second-order matrix element of S → QQ̄
(i.e., 2-loop times Born and 1-loop squared),
ii) the real-virtual cross section dσRV
NNLO associated
with the second-order matrix element of S → QQ̄g
(1-loop times Born),
iii) the double real contribution dσRR
NNLO associated
with the squared Born amplitudes S → QQ̄gg,
S → QQ̄qq̄ (where q denotes a massless quark),
and above the 4Q threshold, S → QQ̄QQ̄. The latter contribution is IR finite and is of no concern for
the purpose of constructing subtraction terms.
All the terms discussed below denote renormalized
quantities. The ultraviolet divergences in the loop amplitudes are removed by on-shell renormalization of the
external quarks and gluons – in the following, mQ denotes the on-shell mass of Q – and by MS renormalization of the strong coupling.
The terms i), ii), iii) are, apart from the QQ̄QQ̄ contribution, separately IR divergent. In a generic subtraction
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scheme, dσNNLO is given schematically by
dσ
=


R NNLO
S
RR
dσ
−
dσ
NNLO
NNLO
Φ4

R 
RV
+ Φ dσNNLO − dσTNNLO
3
R
R
R
S
T
+ Φ dσVV
NNLO + Φ dσNNLO + Φ dσNNLO .
2

3

(46)

4

The subscripts Φn denote n-particle phase-space integrals. Measurement functions are implicit in the integrands of the right-hand side of this equation. Here
dσSNNLO collectively denotes the double real subtraction terms for the QQ̄qq̄ and QQ̄gg matrix elements,
and dσTNNLO is real-virtual subtraction term for the QQ̄g
matrix element. The subtraction terms dσSNNLO are constructed such that
i
R h RR,QQ̄gg
S ,QQ̄gg
= finite ,
−
dσ
dσ
NNLO
NNLO
Φ4
=0
i
(47)
P R h RR,QQ̄qq̄
S ,QQ̄qq̄
− dσNNLO
= finite
q Φ dσNNLO
4

=0

in all single and double unresolved limits. The subtraction term dσTNNLO must reproduce both the (implicit)
singularities in single unresolved phase-space regions
and the explicit poles of the real-virtual cross section
dσRV
NNLO . The sum of the last three terms in (46) is then
also IR finite.
R The integralsRof these subtraction terms,
denoted by Φ dσTNNLO and Φ dσSNNLO in (46), must be
3
4
computed over the phase-space regions where IR singularities arise. Then the cancellation of IR singularities
in (46) is made explicit.
In the antenna subtraction formalism, the subtraction
terms are constructed from antenna functions and reduced matrix elements with remapped momenta. The
antenna functions are universal building blocks and can
be derived from the respective physical color-ordered
squared matrix elements. For the reactions (44) the
unintegrated and integrated NNLO antenna functions
for the QQ̄qq̄ and QQ̄gg final states were computed in
Ref. [133] and in Ref. [134], respectively, and for the
QQ̄g final state in Ref. [135]. For definiteness, the antenna functions were determined by choosing in (44) the
initial state S = γ∗ . The main technical challenge is the
analytic
R calculation of
R the integrated antenna functions,
i.e., Φ dσTNNLO and Φ dσSNNLO in d , 4 dimensions.
3
4
Using the respective color-ordered squared matrix elements of the QQ̄qq̄ and QQ̄gg final state, the integrated
4-particle antenna functions were computed as follows.
The d-dimensional 4-particle phase-space measure was
represented in terms of cut propagators [144]. With the
computer implementation FIRE [145] and AIR [146] of
the integration-by-parts reduction and the Laporta algorithm, the integrated antenna functions were expressed
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Figure 18: The 8 topologies corresponding to the 15 master integrals
which determine the integrated antenna functions for the QQ̄qq̄ and
QQ̄gg final states. Bold (thin) lines refer to massive (massless) scalar
propagators. The dashed lines represent 4-particle cuts. The external
line represents the external off-shell momentum q. The terms si j =
2pi · p j in the curly brackets below each topology denote additional
factors in the corresponding integrand of the 4-particle phase-space
integral.

in terms of a set of 15 scalar master integrals involving
d-dimensional 4-particle integration, see Fig. 18. These
master integrals were computed, in d = 4 − 2 dimensions by Laurent expansion in , using the differentialequations method [147, 148]. The integration constants
were fixed by computing the master integrals at threshold q2 = 4m2 . These master integrals can be expressed
in terms of harmonic polylogarithms (HPL)
q [149] in the
variable y = (1 − β)/(1 + β), where β =

1 − 4m2Q /s.

The leading and subleading color NNLO integrated
antenna functions for the QQ̄g final state were computed in analogous fashion [135]. They can be expressed in terms of 22 master integrals which correspond to three-particle cuts through three-loop scalar
self-energy type Feynman integrals, involving massive and massless scalar propagators, see Fig. 19.
These master integrals were also computed with the
differential-equations method. Master integrals associated with 6 topologies can be expressed in terms of HPL
with argument y up to and including weight four. Master integrals with the remaining 5 topologies are given
in terms of cyclotomic harmonic polylogarithms which
were analyzed in detail in Refs. [150, 151, 152, 153,
154].
As a check of these integrated double-real and realvirtual subtraction terms, the second order contribution
R(2) to the ratio RQ (s) defined by
RQ (s) =
=

σ(e+ e− → γ∗ → QQ̄ + X)
σ(e+ e− → γ∗ → µ+ µ− )
!
!2
α s (µ2 ) (1)
α s (µ2 )
R(0) +
R +
R(2)
2π
2π
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{1, s13 }

{1, s13 }

{1, s13 , s23 }

{1}

{1}

{1, s13 }

{1, s13 }

{1, s13 }

{1, s13 }

{1, s13 , s23 }

{1, s13 }

Figure 19: The 11 topologies corresponding to the 22 master integrals
which determine the integrated antenna functions for the QQ̄g final
state. The notation follows Fig. 18. The terms in the curly brackets
below each topology denote additional factors in the corresponding
integrand of the combined phase-space and loop integral.

+O(α3s )

(48)

was computed in Ref. [135] and compared with results
in the literature. The NLO correction has been known
for a long time [155]. The second order contribution
may be decomposed as follows:


(2)
1
R(2) = e2Q Nc2 − 1 Nc R(2)
LC − Nc RSC

(49)
(2)
+ n f R(2)
f + RF .
Computing R(2) from the contributions of the individual final states requires the integrated NNLO 4- and 3particle antenna subtraction terms discussed above, the
NNLO QCD matrix element γ∗ → QQ̄ [156] and, above
the QQ̄QQ̄ threshold, the matrix element γ∗ → QQ̄QQ̄,
which is UV and IR finite. The analytic computation of
R(2)
f of Ref. [133] agrees with the result of Ref. [157].
The leading and subleading color contributions R(2)
LC ,
R(2)
were
known
in
the
literature
in
analytic
fashion
only
SC
i) near the QQ̄ threshold as an expansion in β up to and
including terms of order β [158] (cf. also Ref. [159])
and ii) in the high-energy limit x = m2Q /s → 0 as
asymptotic expansions in x up to and including terms
of order x6 [160]. Using the threshold and asymptotic
(2)
expansions, Ref. [161] determined R(2)
LC and RSC in the
intermediate energy range 0 < β ≤ 1 by Padé approximation. For comparison with the threshold and asymptotic expansions known in the literature, we use


(2)
= N2c R(2)
R(2)
NA
LC − RSC ,
(50)
= Nc R(2)
R(2)
A
SC .
The calculation of these functions in Ref. [135], shown
in Fig. 20 is exact in the whole physical region and
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agrees with these previous results. In particular, the
threshold expansion of R(2) can be obtained analytically
[162], beyond the terms known so far. This is of interest
for the investigation of e+ e− → ttX near threshold.
300
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Figure 20: The function R(2)
(upper plot) and R(2)
(lower plot) deA
NA
fined in (50). The solid lines are the exact results [135], the dashed
and dotted lines are the threshold and asymptotic expansions from
[158] and [160], respectively.

Two-loop vertex functions
The computation of differential distributions at
NNLO QCD for reactions of the type (44) requires,
apart from the subtraction terms discussed above, of
course also the matrix elements of the individual contributions to this order of perturbation theory. The renormalized NNLO QCD matrix elements for J → QQ̄,
where J denotes a color-singlet current, were computed
in Refs. [156, 163, 164, 165] for J = vector current,
non-singlet and singlet axial vector current, and scalar
and pseudo-scalar current, respectively. As a by-product
of these computations, the anomalous magnetic moments, weak magnetic moments and axial charges of
the top and bottom quark were computed to order α2s
in Ref. [166]. The leading terms in β of the order α2s
cross section for e+ e− → γ∗ , Z ∗ → QQ̄X in the vicinity
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of the production threshold where the QQ̄ contribution
dominates, were determined in Ref. [167].
An important observable is the forward-backward
Q
asymmetry AFB
in heavy quark-pair production in
+ −
∗
e e → γ , Z ∗ → QQ̄X, Q = b, t. It was computed
to order α2s for massless quarks in Ref. [168]. As is
well-known, for b quarks produced at the Z resonance,
there is some tension between the measured forwardbackward asymmetry and the SM result. For massless
Q
quarks Q, the QQ̄ contribution to AFB
resulting from the
interference of the vector and non-singlet axial vector
matrix elements is zero in QCD. (The ‘anomaly contribution’, which results from the interference of the vector
and singlet axial vector matrix elements, is IR finite and
Q
very small.) In Ref. [169] the QQ̄ contributions to AFB
were computed to order α2s for massive quarks. These
contributions are IR finite. The order α2s contributions
Q
were
of the QQ̄g and QQ̄gg, QQ̄qq̄ final states to AFB
calculated, for b quarks at the Z resonance and for tt
production above threshold, in Ref. [170]. The IR singularities, which appear in the 3-parton and 4-parton
contributions to the asymmetry at this order of perturbation theory, can be handled with NLO dipole subtraction terms [77]. The resulting AbFB at the Z resonance
was found to be slightly smaller [170] than the corresponding result for massless quarks [168]. This can be
understood from the fact that a massive (anti)quark is
more inert than a massless one in radiating off partons
and, hence, changes its direction less likely with respect
to the leading-order QQ̄ configuration.
6.2. AutoDipole — Automatic generation of CataniSeymour subtraction terms
Beyond leading order, virtual corrections as well as
real corrections need to be considered. Only the sum
of the two yields an infrared finite result. While in
the virtual corrections, i.e., after loop integration, the
soft and collinear singularities are manifest, in the real
corrections the singularities are manifest only after the
phase-space integration has been carried out. Using dimensional regularization requires to perform the phasespace integration in d space time dimensions. Given the
complicated structure of the phase space and the matrix elements and taking into account the experimental
cuts, such an integration is highly non-trivial. With the
Catani-Seymour subtraction method an algorithmic solution has been proposed [76, 77]. The main idea is to
add and subtract local counter-terms in order to render
virtual corrections and real corrections individually finite. For a n-parton final state the method reads:
Z
Z
V
δσNLO
=
dR
dσ
+
dRn+1 dσRn+1
n
n
n
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=

Z

+

Z

dRn (dσVn +

Z
dΦ A)

dRn+1 (dσRn+1 − A).

(51)

Here, dσVn (dσRn+1 ) denotes the differential cross section for the virtual (real) corrections, which has to be
integrated over the n (n + 1) parton final state in order to obtain the contribution to the total cross section. The n + 1 parton phase-space measure is factorized into an unresolved (dΦ) and resolved contribution
(dRn ): dRn+1 = dRn ×dΦ. A local counter-term A is constructed such that the combination (dσRn+1 − A) is finite
for all single unresolved contributions (one parton soft
or two partons collinear).R Furthermore, the subtraction
term A is chosen so that dΦA can be calculated analytically to cancel the divergencies in the virtual corrections. In Refs. [76, 77] an explicit representation of the
subtraction term as sum over so-called dipoles is given:
X
Di j;k ,
(52)
A=
i, j,k

where the sum is over the collinear particles (i, j) and
a spectator parton (k). Each dipole is calculated from
process independent functions (capturing the universal
properties of the singular limits), sandwiched between
process specific amplitudes. While in principle the evaluation is straightforward, the calculation of the dipoles
is tedious and error-prone: First of all, for high multiplicities, a large number of dipoles needs to be considered. For example, for the reaction gg → tt¯g considered in Sect. 3, 36 dipoles had to be calculated. Furthermore, for each dipole, the specific factorization of
the phase-space measure, leading to a reduced n-parton
kinematics, needs to be evaluated. In addition, nontrivial color correlations and spin-correlations have to
be determined. It is also worth noting that the evaluation of a large number of dipoles during the numerical
integration can be rather time-consuming. The numerical computation of the dipoles may take even longer
than the calculation of the matrix element for the corresponding real corrections. An efficient implementation
is thus mandatory to reduce the computational costs.
While in Refs. [14, 15] a private C++ library has been
developed, in which the dipoles are built-up using the
library functions, a different approach was used in the
publicly available AutoDipole package in Ref. [171].
A mathematica library is provided which acts as code
generator. After having specified the process, a Fortran
source code is generated for the calculation of the subtraction terms. In addition also code is created for testing the collinear and soft limits. The color correlated
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matrix elements are calculated by interfacing the Madgraph library [75]. The AutoDipole package has been
tested for various 2 → 5 and 2 → 6 processes.
In Ref. [172] the implementation has been extended
to allow also the computation of dipole subtraction
terms in the MSSM.
6.3. ICE – the IBP Chooser of Equations
A major bottleneck in the evaluation of higher order
corrections in quantum field theory—besides the evaluation of the master integrals—is the reduction of multiloop tensor integrals to the master integrals. While
different approaches exist (see also the discussion in
Sect. 4) most techniques rely sooner or later on the application of IBP and Lorentz invariance (LI) [148] equations. For simple problems these equations can be rearranged manually by inspection to implement a reduction
scheme. For complicated topologies, e.g. double-box
topologies, this task is very cumbersome. An alternative approach is given by the Laporta algorithm where
the IBP and LI equations, valid formally for arbitrary
space-time dimensions and arbitrary powers of the propagators, are specified by setting the powers of the propagators to integer values. Using different seeds for the integer values a large system of equations is constructed,
which is then solved using a Gauss type elimination procedure. The limiting factors of this procedure are the
number of equations and the size of the integral coefficients in the IBP equations. The latter are rational functions of the kinematical invariants and the space-time
dimension. The simplifications of these coefficients is
typically done by the program Fermat [173]. In practical applications it turns out that a significant number
of equations generated with the Laporta approach does
not provide independent information. However, these
equations can lead to a tremendous increase of algebraic
complexity. Removing these equations at an early stage
of the reduction could thus speed up the procedure. In
Ref. [108] a method to remove dependent equations
from the reduction procedure has been investigated. The
basic idea is to use integer values for the kinematic invariants as well as for the space-time dimension. In a
next step a Gauss elimination of this system is done and
the linearly dependent equations are identified. Since
the integral coefficients are now just numbers, no timeconsuming algebraic manipulation of multivariate rational functions is required. The reduction is thus much
faster than the reduction of the original problem. After having identified the dependent equations they are
removed from the IBP system and the full reduction is
started. In fact the procedure can be further optimized
by a clever choice of the equations which are kept in the
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Topology
H
H
BM
BM

Dots
1
2
3
10

Equations
10464
39600
3114
113571

Independent Equations
5767
18626
1148
28851
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Ratio
0.55
0.47
0.37
0.25

Table 14: Number of equations before and after the application of the ICE algorithm [108].

system. As an example the topologies shown in Fig. 21
are studied in Ref. [108]. In Tab. 14 the number of inde-

the ICE algorithm has been applied in a private implementation of the Laporta algorithm [178]. Using ICE a
significant improvement of the runtime can be observed.
7. Summary

Figure 21: The three- and four-loop vacuum topologies BM (left) and
H (right). The solid lines are massive, the dashed are massless. The
names follow the notations in Refs. [174, 175, 176, 177].

pendent equations after the application of the ICE algorithm is shown together with the number of equations at
the beginning. The complexity of the reduction is controlled by increasing the powers of the propagators. The
additional propagators are quoted in Tab. 14 as dots. Already for simple cases about 50% of the IBP equations
generated with the Laporta algorithm are not independent and can thus be removed from the reduction. For
the BM topology with 10 dots, only a quarter of the IBP
equations is independent and needs to be considered in
the subsequent reduction. Using integer values for the
kinematic invariants, it is in principle possible that an
IBP equation becomes linearly dependent despite being
independent for a general kinematics. However, it has
been shown in Ref. [108] that the probability of failure
can be made very low by a clever choice of the integer
values. In particular, choosing the integer values modulo a large prime p the probability to correctly identify
the independent equations is given by
P(success) ≥

r
Y
i=1

i
1−
p

!
(53)

where r denotes the rank of the linear system. For large
prime numbers the probability of failure can thus be
made very low. Note that in case the ICE algorithm
fails, no false equations are generated. It just means
that an equation which is independent is accidentally
removed from the system. In the worst case this would
just mean that the reduction to master integrals in the
subsequent Laporta step is incomplete. Very recently

This project had a strong focus on hadron collider
phenomenology. Quite a number of predictions on
hadronic tt and tt+1-jet production, including top-quark
decay, which were made within the Standard Model at
NLO in the QCD and weak couplings were confronted
with data from the Tevatron and the LHC. Overall the
agreement between SM theory and experiment is, so far,
very good. These results contributed to our present understanding of the properties and interactions of the top
quark. They will remain relevant also for the analysis
and interpretation of future LHC data on top-quark production and decay.
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[157] A. Hoang, J. H. Kühn, T. Teubner, Radiation of light
fermions in heavy fermion production, Nucl.Phys. B452
(1995) 173–187, arXiv:hep-ph/9505262, doi:10.1016/05503213(95)00308-F.
[158] A. Czarnecki, K. Melnikov, Two loop QCD corrections to the
heavy quark pair production cross-section in e+ e− annihilation near the threshold, Phys.Rev.Lett. 80 (1998) 2531–2534,
arXiv:hep-ph/9712222, doi:10.1103/PhysRevLett.80.2531.
[159] M. Beneke, A. Signer, V. A. Smirnov, Two loop
correction to the leptonic decay of quarkonium,
Phys.Rev.Lett. 80 (1998) 2535–2538, arXiv:hep-ph/9712302,
doi:10.1103/PhysRevLett.80.2535.
[160] K. Chetyrkin, R. Harlander, J. H. Kühn, M. Steinhauser, Mass
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