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Abstract
We review results for hadron masses and hadron structure using maximally twisted mass fermions for our nonperturbative studies of lattice QCD. We demonstrate that hadron masses can be computed reliably in this setup and
that a nice agreement with the experimentally determined spectra is found. In addition, we give examples that lattice
QCD can also provide predictions of masses for a number of yet not discovered states. We present a number of
results for moments of parton distribution functions and form factors and show that simulations at the physical value
of the pion mass have the promising potential to reconcile older discrepancies between lattice results and those from
experiment or phenomenology. In addition, we show that it is also possible to include dis-connected quark loop
contributions in the analysis when a large enough statistics is invested. Finally, we give an outlook for future lattice
calculations of hadron structure by discussing the gluon moment, first results of a direct computation of the parton
distribution functions and mention the neutron electric dipole moment.
Keywords: Lattice QCD, hadron spectrum, moments of parton distribution functions, dis-connected quark loops,
nucleon form factors
1. Introduction
Although our theory of the strong interaction, quantum chromodynamics (QCD), predicts the existence of
quarks and gluons, they cannot be observed as free
particles. Instead, we only observe bound states, the
hadrons. However, through deep inelastic scattering experiments it is possible to reveal the structure of hadrons
and to provide us fascinating insight in the interactions
of quarks and gluons. This leads to a much better understanding of the structure of matter and also enhances our
knowledge of the universe today and in its early stages.
The structure of hadrons is described by parton distribution functions (PDFs) which provide information on
the distributions of the different quarks and gluons in a
hadron, their momentum, angular momentum and spin,
see [1].
In a standard analysis, the PDFs are parametrized
phenomenologically. In addition, the necessary renormalization of the PDFs is performed perturbatively.

This prevents a direct, first principle prediction of the
PDFs from QCD alone. In principle, this somewhat
unsatisfactory situation could be overcome by nonperturbative lattice calculations, but on the lattice the
PDFs cannot be computed directly. The reason is that
light-cone dynamics is needed and going to short, or
even zero distance on the Euclidean space-time lattice
QCD is not possible. See, however, the discussion at
the end of this contribution for a proposal to compute
PDFs directly.
The key, how lattice QCD can nevertheless contribute
to obtain non-perturbative information on hadron structure is the operator product expansion which allows to
express the PDFs in terms of matrix elements of local
operators which are accessible to lattice QCD calculations. In this way, not the PDFs themselves are analyzed, but moments of them are computed which themselves can be compared to experiment or phenomenological analyses. In this contribution to the proceedings
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of the Transregional Collaborative Research Center 9
“Computational Particle Physics” we will report on the
status of hadron masses and hadron structure calculations and discuss results that emerged from this work.
For a broader discussion and introductions to the subject, we refer to the excellent reviews [2, 3, 4, 5, 6, 7].
As a main result of this contribution we remark already here that very recent calculations performed at a
physical value of the pion mass show a very promising
tendency to reconcile older discrepancies between lattice results and experimental or phenomenological ones,
see also the recent reviews of refs. [8, 9, 10, 11]. We
will demonstrate the progress that has been achieved at
the examples of the axial charge and the average quark
momentum of the nucleon. We will also discuss baryon
form factors, the nucleon σ-terms and non-perturbative
renormalization for which we devoted a dedicated effort.
Another area where substantial progress has been
made on the lattice are the calculations of singlet, disconnected quark loop contributions. Here, through special techniques and investing a very high statistics, a
quantitative evaluation of many dis-connected contributions could be obtained going thus far beyond the standard a few years ago. We will close this contribution
showing first results for the so far unexplored gluon, discuss a proposal to compute PDFs directly on the lattice
and attempt to evaluate the neutron electric dipole moment as a most promising quantity to detect new physics
beyond the standard model.
The work discussed here is closely linked to [12]
where a perturbative, phenomenological analysis has
been carried out. Numerous discussions and scientific exchanges furthered both projects substantially
and focused the calculations on the most important
hadron structure quantities and questions where both
approaches have contributed in a common approach.
In the following, we will start with a discussion of
the structure of the pion which has been the main focus in the initial stage of this project. We will then
move to hadron masses before we show the remarkable
progress in the computation of dis-connected quark loop
contributions that was made during the duration of this
project. After discussing aspects of non-perturbative
renormalization, we will then move to moments of
parton distribution functions and form factors before
we conclude and provide an outlook for further very
promising developments.

2

2. Lowest moment of the pion
A first benchmark quantity to be studied with lattice
computations is the average quark momentum in a pion
as the lowest moment of a non-singlet quark distribution function. In the pioneering work of reference [13]
it has been demonstrated that calculations of such a low
lying moment is indeed feasible. However, such calculations, carried through in the quenched approximation
in the past, had additionally to be performed at large,
unphysical values of the pion mass and therefore a chiral extrapolation becomes necessary. A major obstacle
has been that the used pion masses were as large as 500
MeV making such extrapolations very difficult and hard
to control, see refs. [14, 15, 16, 17, 18, 19].
In the contribution [20] it has been demonstrated for
the case of, e.g., the pion decay constant that with maximally twisted mass fermions [21] much smaller pion
masses can be reached. It is therefore very tempting to
also perform a calculation of the average quark momentum with twisted mass fermions. The first target observable has been a twist-2 operator, which is related to the
the lowest moment hxi of the quark parton distribution
function in a pion.
The twist-2 operators have the following expressions
Oaµ1 ···µN (x) =

1
2N−1

↔

↔

ψ̄(x)γ{µ1 Dµ2 · · · DµN }

1 a
τ ψ(x) ,(1)
2

with {· · · } the symmetrization on the Lorentz indices
and
↔

→

←

Dµ = Dµ − Dµ ;

Dµ =

1
[∇µ + ∇∗µ ] .
2

(2)

The Pauli matrices τa are used to act in flavour space.
For details, how to treat such operators for twisted mass
fermions, we refer to ref. [22]. The lowest moment for
the up (or down) quark can be expressed as
Ouµν (x) =

−

↔ (1 + τ3 )
1
ψ̄(x)γ{µ Dν}
ψ(x)
2
2
δµν · trace terms .

(3)

There are two representations of such a non-singlet
operator on the lattice [23, 24] and we choose
 ↔
1
Ou44 (x) =
ψ̄(x) γ4 D4
2

3
1 X ↔  (1 + τ3 )
−
γk Dk 
ψ(x) ,
(4)
3 k=1
2
since in this form we can work at zero external momentum which gives a better signal to noise behaviour.
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For the computation of the matrix elements of this
operator we follow refs. [25, 13]. To this end, we write
P± (x) = ψ̄(x)γ5

±

τ
ψ(x) ,
2

τ± =

τ ± iτ
2
1

2

0.5

<x>MS (µ=2 GeV)

0.45

(5)

as the required interpolating operator. The ratio of the
3-point function
X
hP+ (0)O44 (y, y4 )P− (x, T/2)i , (6)
C44 (y4 ) = a6
x,y

3

0.4
0.35
0.3
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0.2

Wilson tmQCD at π/2
combined Wilson-Clover
experimental value
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and the 2-point function
X
hP+ (0)P− (x, x4 )i ,
C P (x4 ) = a3

2

(7)

0

2

mPS [GeV ]
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x

will then provide the matrix element we are interested
in which can be derived by performing a transfer matrix
decomposition. Defining
R(y4 ) =

C44 (y4 )
,
C P (T/2)

(8)

we can look for a plateau in the large Euclidean time y4
limit where this ratio takes the form
h0, PS |O44 |0, PS i = 2mPS R ,

(9)

where |0, PS i represents the pion state. From this relation we can extract the bare matrix element
hxibare =

1
·R.
mPS

(10)

This bare matrix element needs a multiplicative
renormalization factor for which we take the renormalization group invariant renormalization constant ZRGI as
computed in refs. [19, 17] from a Schrödinger functional (SF) renormalization scheme [26, 27, 28, 29]. In
this way, a well defined continuum limit can be performed and in the MS scheme, typically used in phenomenology, the renormalized matrix element reads
hxiMS (µ, r0 mPS ) = lim

a→0

hxibare (a, mPS )ZRGI (a)
f MS (µ)

(11)

where the renormalization scale is given at µ = 2 GeV
and f MS (µ) is taken from ref. [19].
In fig. 1 we show the so obtained renormalized matrix element of the pion as a function of the pion mass.
As the graph demonstrates, with twisted mass fermions
indeed smaller values of the pion mass could be reached
than it was possible with standard Wilson or cloverimproved Wilson fermions.
As fig. 1 indicates, the lattice data move with decreasing pion mass towards the phenomenological result. However, it is clear that two major improvements

Figure 1: The average quark momentum in the pion, hxiMS (µ =
2 GeV), in the continuum limit as a function of the pion mass.
The squares represent results from Wilson and clover improved Wilson simulations [19]. The circles are from twisted mass fermions.
The diamond represents the phenomenologically extracted value from
refs. [30, 31]. There is also a result from ref. [32] which reads
hxiMS (µ = 2.28 GeV) = 0.217(11).

would be highly desirable. The first one is to leave the
quenched approximation and to include the light quarks
as active degrees of freedom in the simulations. The
second improvement should be to perform calculations
directly at a physical value of the pion mass in order to
avoid extrapolations. At the time when the results of
ref. [22] were published it was thought that these steps
were extremely difficult, if not impossible, to surmount
in the near future.
However, as outlined in [20], within the twisted mass
setup, new algorithms were developed [33, 34] which,
together with substantial advances of supercomputers,
made it possible to perform simulations directly at the
physical point with active light quarks. In fig. 2 we show
a recent calculation of the average quark momentum in
a pion performed with N f = 2 flavours of maximally
twisted mass fermions, see also [35, 36].
Although for the data point at the physical pion mass
systematic effects from the lattice spacing and the finite
volume are not yet available, the graph is very promising in reconciling earlier discrepancies between lattice
and phenomenological results.

3. Baryon masses
One important expectation we have from QCD as
our theory of the strong interaction is that it explains
the spectrum of bound states, in particular the baryon
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tracted by examining the effective mass defined by
!
C X (t)
X
ameff (t) = log
C X (t + 1)
P
!
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P∞ i=1 −∆ (t+1)
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Figure 2: The average quark momentum in the pion for N f = 2
flavours of active light quarks. We show data from simulations at
quark masses larger than the physical ones and also from a recent
calculation performed directly at the physical point.

masses. Here, due to the confinement of quarks, nonperturbative methods are mandatory and lattice QCD
should be an ideal tool to address the baryon spectrum.
In [20] we have already shown the light baryon spectrum as computed for N f = 2 + 1 + 1 flavours of quarks
in ref. [37]. An earlier calculation for N f = 2 flavours
of mass-degenerate light quarks has been performed in
refs. [38, 39], see also ref. [40] for a recent review. Here,
we want to concentrate on charmed baryons which will
lead in the end even to predictions for certain baryon
masses.
In order to extract baryon masses correlation functions of suitable operators are taken at zero momentum,
~p = ~0. Such correlation functions read in general
C X± (t, ~p = ~0) =
(12)
P 1
= ∆x h 2 TrP± JX (xsink , tsink ) J̄X (xsource , tsource )
with ∆x = xsink − xsource , P± = 12 1 ± γ0 , t = tsink −
tsource and JX the operator corresponding to the particular baryon. The correlation function is evaluated between the source point (xsource , tsource ) and the sink point,
(xsink , tsink ). Utilizing the symmetries in Euclidean time
[37], we construct
C X (t) = C X+ (t) − C X− (T − t) .

(13)

The ground state mass of a given hadron can be ex-

where ∆i = mi − mX is the mass difference of the excited
state i with respect to the ground mass mX . All results
in this work have been extracted from correlators where
Gaussian smearing is applied both at the source and the
sink. The sum over excited states in the effective mass
given in eq. (14) is truncated, keeping only the first excited state,
!
1 + c1 e−∆1 t
X
.
(15)
ameff
(t) ≈ amX + log
1 + c1 e−∆1 (t+1)
The upper fitting time slice boundary is kept fixed, while
allowing the lower fitting time to be two or three time
slices away from tsource . We then fit the effective mass
to the form given in eq. (15). This exponential fit yields
an estimate for c1 and ∆1 as well as for the ground state
mass, which we denote by m(E)
X . Then, we perform a
constant fit to the effective mass increasing the initial
fitting time t1 . In this way, we have determined the full
octet and decuplet baryon mass spectra, see ref. [37]
for further details. In figs. 3 and 4 we show the charm
baryon spectra we have have obtained. As can be seen,
there is a nice agreement with the experimentally found
spectra and we can even give predictions for the mass
for the not yet detected doubly charmed Ξ∗cc and the doubly and triply charmed Ωs.
4. Nucleon structure: nucleon axial charge and average quark momentum
The last section demonstrated that lattice QCD can
successfully reproduce the baryon spectrum and even
provides predictions for the masses of certain, not yet
experimentally detected states. This great achievement
suggests that –similar as in the case of the structure
of the pion discussed above– also the structure of nucleons could be explored. Indeed, there is a large activity over the last decades to address nucleon structure, see e.g. [2, 3, 4, 5, 6, 7] and the recent reviews
of refs. [8, 9, 10, 11]. In all these works, as in the case
for pion parton distribution functions (PDF), moments
of the PDF are calculated. The prime targets have been
the axial charge of the nucleon gA , the average quark
momentum in the nucleon and the nucleon charge radius. The computations of these quantities have been
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function on the lattice is defined in eq. (12) and reads

ETMC Nf=2+1+1
PACS-CS Nf=2+1
Na et al. Nf=2+1
Briceno et al. Nf=2+1+1
Liu et al. Nf=2+1

C2 (t) = Γαα0

3.2

XD

E
JN,α0 (~x, t) J¯N,α (0)

(16)

~x

3

where J¯N is a nucleon interpolating field


T
JN,α (x) = εabc uaα (x) db (x) Cγ5 uc (x) ,
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Figure 3: The spin-1/2 charm baryon masses are shown together with
the experimental masses [41] represented by the horizontal bands. Included are results from various groups using staggered quarks [42, 43]
(purple triangles), [44] (magenta diamonds) and [45] (orange inverted
triangles). Results from PACS-CS [46] are shown in green triangles.
For the twisted mass results of this work (red circles) the chiral extrapolation was performed using the leading order HBχPT. In our results,
the statistical error is shown in red, whereas the blue error bar includes
the statistical error and the systematic errors due to the chiral extrapolation and due to the tuning added in quadrature.
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where C = iγ0 γ2 is the charge conjugation operator.
Similarly to the case of the pion 3-point function of
eq. (6) we need the corresponding 3-point function for
the nucleon to compute the matrix element of interest,
XD
E

JN,α0 (~x, t) O(~y, t0 ) J¯N,α (~0, 0) ,(18)
C3 t, t0 = Γ0αα0
~x,~y

where O is the desired local field of the operator Ô and
Γ0 is a matrix in Dirac space related to the operator. By
t0 we denote the insertion time. Performing a transfer
matrix decomposition of the 3-point function, we find
 X ( j) ¯(k) −m j (t−t0 ) −mk t0
JN JN e
e
C3 t, t0 =
h j| Ô |ki ,
j,k

leading to the asymptotic large Euclidean time limit

4

lim

3.5

(t−t0 ),t0 →∞

3
2.5
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Figure 4: The spin-1/2 charm baryon masses are shown together with
the the experimental masses [41] shown by the horizontal bands. The
notation is the same as in fig. 3.

performed in the past at unphysically large pion masses
and have been reviewed in refs. [4, 5, 6, 7] where it
was demonstrated that there are severe discrepancies between results from lattice QCD calculations and experimental or phenomenological extractions of these moments.
However, there are indications that with simulations
directly at the physical pion mass, taking systematic errors into account and also including dis-connected contributions (when necessary) these discrepancies tend to
vanish [8, 9, 10, 11]. In the following, we want to address the just mentioned aspects of systematic effects,
physical point simulations and dis-connected contributions.
The zero momentum nucleon 2-point correlation


C3 t, t0 → JN(0) J¯N(0) e−mN t h0| Ô |0i .

From this asymptotic behaviour the nucleon matrix element h0| Ô |0i is then obtained from the ratio of the 3point and the 2-point function
h0| O |0i =

C3 (t, t0 )
.
(t−t ),t →∞ C 2 (t)
lim
0 0

(19)

The just sketched procedure to extract nucleon matrix
elements assumes that the asymptotic Euclidean time
limits can be reached such that only the ground state,
i.e. the nucleon, contributes. In practice, of course, this
asymptotic limit cannot be reached and excited states
will have an effect on the extraction of the matrix element under consideration.
4.1. Excited state effects
It has been a suspicion that, in fact, these excited state
contaminations could be responsible for the discrepancy
between lattice results and experimental or phenomenological extractions of moments of PDFs. The problem for lattice computations is that with growing times
t − t0 and t0 the signal to noise ratio becomes worse and
worse. With a statistics of standard lattice calculations
of a few hundred measurements, it is thus very difficult,
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C3 (t, t )
=
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if not impossible, to detect excited states effects. As a
serious attempt to address the question of excited state
contaminations, we have performed a benchmark computation [47] by increasing the statistics by at least an
order of magnitude. This led for the first time to a quantitative estimate of the values of t − t0 and t0 which need
to be taken in order to not suffer from these excited state
contaminations.
The key ingredient is again a transfer matrix decomposition of the ratio of the 3-point and the 2-point functions and, considering only the first excited state, one
finds
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h0| O |0i

J¯(1)

+ h0| O |1i N(0) exp −∆Mt0
J¯
N

+ h1| O |0i

JN(1)
JN(0)



exp −∆M(t − t0 )



+ O exp (−∆Mt) ,
where ∆M is the mass gap between the nucleon ground
state and the first excited state.
For our investigation, we haven chosen the time slice
of the operator insertion to be t0 = 9a in order to suppress excited state contributions from the source. In
[47] we have also developed an open source method
which allows to go to large Euclidean times without
the need of performing new calculations for each new
time value. This is advantageous over the standard fixed
source method and made it possible to explore the excited state contaminations which has been the target of
this work.
As a first quantity, we have studied the nucleon axial
charge gA for various source-sink separations. Clearly,
from fig. 5 it can be seen that the value of gA does
not show any statistically significant dependence on the
source-sink separation t. Hence, the plot demonstrates
that there is no contribution from excited states detectable within the statistical accuracy of 2.5%. Note
that for this analysis of gA we have employed roughly
7500 measurements when we take t = 18a. In our standard analysis [48] we have typically used 500 measurements for t = 12a. The investigation performed here
demonstrates that most probably excited state effects
cannot explain the discrepancy between lattice and phneomenological results for gA which therefore remains.
The second quantity that we have considered is the
average quark momentum, hxiu−d . Our standard analysis is is given in ref. [48]. For the case of hxiu−d we
have carried out in total about 23, 000 measurements us-

Figure 5: The dependence of gA on the source-sink separations. The
light gray band indicates the result obtained from an earlier calculation
using a source-sink separation of 12a and the dark gray band shows
the experimental value [49].

ing randomly distributed source points with 5 sources
per configuration. This statistics led to a precision at a
source-sink separation of t = 18a, which equals the one
of the standard calculation with a source-sink separation
of t = 12a using 1300 measurements.
Fig. 6 shows hxiu−d as a function of the source-sink
separation t. The phenomenological result also shown
in the graph is taken from ref. [50]. The standard calculation is taken from refs. [51, 52]. As can be seen
in fig. 6 for the case of hxiu−d excited state contaminations are visible. However, it needs to be stressed that
the effect of excited states, although going in the right
direction, is clearly not large enough to reconcile lattice
results with phenomenological extractions of this quantity.
The dependence of hxiu−d on t, can be estimated by
fitting the expected exponential behavior,


(20)
hxiu−d + A exp −∆M t − t0 ,
to the lattice results with a fixed t0 = 11a. From such a
fit, we find that at infinite time hxiu−d = 0.22(1), which
is 12% lower than the result of hxiu−d = 0.250(6), obtained using t = 12a in the fixed sink method.
4.2. Dis-connected contributions
Another systematic effect that had been neglected in
the past are dis-connected quark loops. It can be expected that for flavour singlet quantities these contributions cannot be neglected. The reason is that for
flavour singlet quantities these contributions add up for
the different flavours and given the accuracy the connected contributions can be computed presently, the disconnected quark loops can give a non-negligible effect.

C. Alexandrou and K. Jansen / Nuclear Physics B Proceedings Supplement 00 (2015) 1–16

0.3

< x >u−d

0.25
0.2
0.15
0.1

fixed sink method, tsink = 12a
ABMK
fit
open sink method

0.05
0
14

16

18

20

22

24

tsink /a

Figure 6: Results for the dependence of hxiu−d on the source-sink
separation. The operator has been inserted at t0 = 11a. The value
from the standard calculation at t = 12a is indicated by the light gray
band. The phenomenologically extracted value is shown with the dark
gray band. The blue solid line corresponds to a fit of eq. (20) described
in the text.

The problem of dis-connected quark loop computations in lattice QCD is that they require the calculation
of all-to-all or time-slice-to-all propagators, which cannot be computed to a high precision given the computational resources available to a typical lattice QCD collaboration. In particular, to reach a comparable accuracy to the connected contributions a much larger computational effort is needed. As a consequence, in most
lattice QCD calculations the disconnected contributions
were neglected leaving us with an unknown systematic
error.
There has been, however, a substantial improvement
on the algorithmic side. This, in combination with new
supercomputer architectures has made it possible to now
address the dis-connected quark loops on a quantitative
level. In ref. [53] we set out to perform a most comprehensive comparison of various algorithmic techniques
in order to see, what is the optimal method to evaluate
dis-connected quark loops. In addition, in many cases
we performed about 150,000 measurements to obtain
statistically significant results. The systematic investigation of different methods for various quantities and
the enormous statistics we have reached set a new standard in the area of computing dis-connected quark loops
for hadronic quantities and showed which effort needs
to be invested to be able to estimate the dis-connected
contributions in a statistically significant way.
To be more concrete, we tested the one-end trick
[54, 55, 56], dilution [57, 58, 59, 60, 61], the Truncated
Solver Method (TSM) [61, 62, 63] and the Hopping Parameter Expansion (HPE) [54, 64]. It is worth stressing
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that the use of graphics cards (GPUs) are very advantageous for the computation of quark propagators and
contractions needed for the dis-connected quark loop
contributions [53, 65, 66]. In particular, when a large
number of inversions on a given gauge field configuration is needed GPUs provide an optimal platform.
In table 1 we provide a comparison of the cost and the
achieved error for the various algorithmic techniques
and for a given quantity. For this comparison, we have
fixed the number of measurements to about 20.000.
This table can be used as a look-up table to infer which
technique is best suited for a given observable. It provides the first comprehensive list of such an algorithmic
comparison for dis-connected contributions.
Method

One-end trick
One-end trick + TSM
One-end trick
One-end trick + TSM
Time-dil.
Time-dil. + TSM
Time-dil. + HPE
Time-dil. + HPE + TSM
One-end trick
One-end trick + TSM
One-end trick
One-end trick + TSM
Time-dil.
Time-dil. + TSM
Time-dil. + HPE
Time-dil. + HPE + TSM

Abs. Error
σπN
4.3 MeV
3.8 MeV
σs
5.1 MeV
4.9 MeV
13 MeV
7.5 MeV
8.0 MeV
6.2 MeV
gA
0.19
0.081
gAs
0.076
0.023
0.132
0.049
0.040
0.024

OH

Cost

Cost
× Error2

65
290

2234
1471

0.032
0.027

65
409
31
281
34
322

754
809
745
710
750
750

0.019
0.019
0.126
0.040
0.048
0.029

65
409

2234
1471

80.6
9.65

65
409
31
281
34
322

754
809
721
676
725
692

4.36
0.43
5.08
1.62
1.16
0.40

Table 1: Comparison of the computational cost for the light and
strange σ-terms and axial charges. The costs given in units of GPUnode seconds (2 GPUs per node). In order to compare the different
techniques, we employed the same statistics, namely 18628 measurements. The column labeled as OH denotes the overhead, which is
the time of pre- and post-processing for the computation of the disconnected quark loops. The total cost includes, of course, also the
inversion. The last column defines a quantity that is independent of
statistics, which gives the comparative cost for a fixed error of a given
observable [67]. For further details, we refer to ref. [53].

Equipped with the optimal computational technique
to evaluate the dis-connected contribution for a given
nucleon observable, we carried out a high statistics analysis of a number of number nucleon observables where
dis-connected quark loops do contribute or are even the
sole contribution [68]. As said above, our statistics have
been often about 150.000 measurements which was necessary to obtain a signal. In fig. 7 we give one example
of the isoscalar axial charge of the nucleon gu+d
A . We an-
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alyzed gu+d
both with the standard plateau method and
A
also with the summation method [69, 70, 71] which actually led to the results in fig. 7.
Other examples of nucleon observables are given in
ref. [68]. In this paper, in table II, a comprehensive
comparison of the contribution of connected and disconnected graphs are listed. One conclusion is that disconnected contributions are clearly important for a number of observables related to nucleon structure. For the
sigma terms and scalar charge the disconnected contributions amount to 10% necessitating to take them
into account. For the isoscalar axial charge even a
larger than 10% contributions is found. Thus, when
analyzing the spin carried by quarks in the proton disconnected contributions cannot be neglected. Other
quantities where disconnected contributions are significant at the O(10%)-level are Σd , the axial form factor
G A and G p . There are, however, other quantities where
dis-connected quark loops provide a negligible contribution. This concerns, e.g. the electromagnetic form
factors at low q2 -values.

0.05

tf =12a
tf =13a
tf =14a
tf =15a

0.00
guA +d

0.05
0.10
0.15
0.202

3

4

5

6

ti /a

7

8

9 10 11

Figure 7: The disconnected contribution to the isoscalar axial charge
of the nucleon, gu+d
A . We show results obtained for the fitted slope of
the summation method, see ref. [68] for various choices of the initial
and final fit time slices as explained in the text.

4.3. Scalar contents of the nucleon
The just discussed dis-connected quark loops are particularly important to address the scalar quark contents
of the nucleon. In refs. [72, 56, 73, 74, 75] we have
carried out detailed calculation of the scalar light, the
strange and also the charm quark contents. For this analysis, we employed gluon configurations for N f = 2 +
1 + 1 flavours [76] of maximally twisted mass fermions
which have three advantages for this computation: the
first it the automatic O(a)-improvement which allows
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to perform a continuum limit in O(a2 ). It also leads to
very small lattice spacing artefacts, see [75]. The second advantage is that special noise reduction techniques
can be used for twisted mass fermions, see [56, 75].
The third advantage is that for maximally twisted mass
fermions the mixing in the renormalization process can
be avoided [56]. The benefit of these properties allowed
us to address for the first time systematic effects that appear in the calculation of the scalar quark contents such
as lattice spacing, finite volume and excited state contamination effects.
The quantities computed here are connected to dark
matter searches, for which a main observable is the
strangeness of the nucleon, .e. the yN -parameter,
yN ≡

2hN| s̄s|Ni
,
hN|ūu + d̄d|Ni

(21)

where u, d and s are the up, down and strange quark
fields.
Direct search experiments for dark matter [77, 78, 79,
80, 81] are based on measuring the recoil energy of a nucleon hit by a dark matter candidate. These experiments
can either directly detect a dark matter candidate particle, or, they can provide bounds for models beyond
the standard models such as super symmetry [82] or
Kaluza-Klein extensions of the standard model [83, 84].
When the interaction of the dark matter particle is
mediated through a Higgs boson, the interaction with
the nucleon is realized through the scalar quark contents. The spin independent scattering amplitude at
zero momentum transfer involves in this case the yN parameter. The cross-section is very sensitive on the
value of yN and even small changes in this value can lead
to substantial modifications of the cross-section. Thus,
it is very important to have a reliable and accurate number for the value of the yN -parameter. And, since yN is
of non-perturbative nature, a computation from lattice
QCD is highly desirable.
Present phenomenological or effective field theory estimates of the yN -parameter are based on the relation to
the ratio of the pion-nucleon (σπN ) and the flavour nonsinglet (σ0 ) σ-terms, defined as
σπN
σs
σ0

≡

ml hN|ūu + d̄d|Ni,

≡

ml hN|ūu + d̄d − 2 s̄s|Ni

≡

m s hN| s̄s|Ni

(22)

where ml denotes the average up and down quark mass,
and m s the strange quark mass. With σ s we denote the
strange σ-term. The values of the σ-terms, σπN and
σ0 can be estimated by applying chiral effective field
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theories using the relation
σ0
σπN

(23)

from which values of yN can be calculated.
The way to achieve a value for yN is to compute σπN
from from the pion nucleon cross section data at an unphysical kinematics, known as the Cheng-Dashen point
[85]. There are several analyses, σπN = 45 ± 8 MeV
from ref. [86] (GLS) and σπN = 64 ± 7 MeV from
ref. [87] (GWU). Recently, a result has been obtained
using baryon covariant chiral perturbation theory in
ref. [88] (AMO) which gives σπN = 59 ± 7 MeV[88].
The flavour non-singlet σ-term σ0 can be extracted
from the breaking of S U(3) in the spectrum of the
octet of baryons. In this way, one finds, see e.g. [89],
σI0 = 36 ± 7 MeV. An alternative way is to use an improved method based on Lorentz covariant chiral perturbation theory with explicit decuplet-baryon resonance
fields which gives σII0 = 58 ± 8 MeV [90].
Using the above values for σ0 different results for the
yN -parameter are obtained. In particular, with σ0I one
finds
yI,GLS
N

=

0.20(21), yI,GWU
= 0.44(13)
N

yI,AMO
N

=

0.39(14).

yII,GLS
N

=

yII,AMO
N

−0.29(29), yII,GWU
= 0.09(16)
N

=

0.02(17).

(24)

and with σ0II ,

(25)

Another analysis [90], derives yN = 0.02(13)(10) and
σ0 around 60 MeV. The above listed values show a
quite large spread leading to correspondingly large uncertainties for the cross-section for dark matter detection, which motivated us to perform a first principle lattice QCD simulation, including light, strange and charm
sea quarks with an emphasis on the study of systematic
effects.
As a result, we find yN = 0.173(50). Our result for yN is compatible with the determinations of
refs. [91, 92, 93, 94, 95]. The advantage of our calculation is, however, that systematic effects have been taken
into account. The error for yN originates mainly from
systematic uncertainties, in particular the chiral extrapolation and excited state contaminations which cannot
be neglected. The chiral extrapolation will be avoided
in the future by analyzing gluon field configurations obtained directly at the physical value of the pion mass.
However, the error from excited state contaminations is

500

400

300

σs [MeV]

yN = 1 −

200

100

0
0

20

40
60
σπ N [MeV]

80

100

Figure 8: Constraints on σ s obtained from our determination of yN .
The phenomenological determination of σπN are represented by colored band as obtained from [86] (GLS), [87] (GWU) and [88] (AMO).
We also show the constraint provided by the estimates σI0 [89] and σII0
[90]. As can be seen the value of yN can constrain the value of σ s to
be smaller than about 250 MeV.

severe and a systematic analysis is mandatory to reduce
the systematic error coming from excited state contaminations.
Our main result, the determination of yN , leads to
a rather low value pointing to an also rather small
nucleon-dark matter cross section. As another result,
constraints on the σ-terms can be given. Following [96],
in fig. 8 the (σπN , σ s ) plane is shown. We also plot
with vertical colored bands phenomenological determinations and the corresponding uncertainties of σπN . To
derive constraints on σ s , we use the following relations
σ s = 12 mmsl (σπN − σ0 ) = yN 21 mmsl σπN . The ratio of the
quark masses are taken from the FLAG group [97]. The
constraints can now be given through the phenomenological value of σ0 (indicated by σ0 in fig. 8) and by our
direct computation of yN = 0.173(50) (gray contour)
which suggest an upper bound for the strange σ-term of
≈ 250 MeV.
5. Moments of parton distribution functions
The parton distribution functions (PDFs) of quarks
and gluons can provide a fascinating insight into the
structure of meson and nucleons. Lattice QCD computations can not directly give these parton distribution functions, see however the discussion of a new
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approach below. Nevertheless, lattice calculations can
provide moments of the PDFs and thus allow for a nonperturbative and first principle analysis of the composition of the bound states that we observe in nature. In
addition, with these moments a stringent test of QCD as
the theory of the strong interaction can be carried out.
The problem of the lattice calculations in the past
has been that simulations were carried through at unphysically large pion masses. In these simulations it
was found that many moments do not agree with experimental measurements, e.g. in the case of the nucleon axial charge, or with phenomenological extractions, e.g. for the average quark momentum, see e.g.
the reviews [2, 3, 4, 5, 6, 7].
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where
q(x) =
∆q(x) =
δq(x) =

q(x)↓ + q(x)↑ ,

(27)

q(x)⊥ + q(x)> .

(29)

q(x)↓ − q(x)↑ ,

(28)

The moments of eq. (26) can be computed straightforwardly on the lattice, see e.g. [6, 52]. we present
in fig. 9 a comparison of the first moments for different
collaborations and various quark masses, including the
physical point.

Very fortunately, through substantial algorithmic improvements and significantly enhanced supercomputer
power simulations can now be carried out directly at
the physical value of the pion mass which allows to
avoid the difficulty of extrapolating results to the physical point, see [8, 9, 10, 11].
We report here work performed over a number of
years on a systematic analysis of moments of PDFs,
quantifying step by step systematic uncertainties, the
last one being these chiral extrapolations. Here we
want to show the status of the examples of the nucleon
scalar, axial and tensor charges and the first moments
of the unpolarized, polarized and transversity PDFs. In
our work we have employed maximally twisted mass
fermions with N f = 2 flavours of mass-degenerate light
quarks [98, 54, 99] and also N f = 2 + 1 + 1 flavours
[100, 76, 101], including the strange and charm quarks
as active degrees of freedom. We will also discuss first
results for twisted mass simulations directly at the physical point [35, 36].
Using maximally twisted mass fermions has the invaluable advantage that all physical observables are automatic O(a)-improved. Thus, we do not have to compute any further operator specific improvement coefficients for the rather complicated quantities we need to
look at for exploring hadron structure.
To be more specific, we give here the definitions of
the first moments of PDFs,
Z
hxiq



dx x q(x) + q̄(x) ,
0

Z
hxi∆q

1



dx x ∆q(x) − ∆q̄(x) ,

=
0

Z
hxiδq

1

=

1



dx x δq(x) + δq̄(x) ,

=
0

(26)

Figure 9: The first iso-vector moments of PDFs, hxiq , hxi∆q and hxiδq .
The stars indicate the phenomenological values.

In order to compute the nucleon charges, the operaa
a
tors ψ̄(x) τ2 ψ(x) for the scalar, ψ̄(x)γµ γ5 τ2 ψ(x) for the
a
axial-vector, and ψ̄(x)σµν τ2 ψ(x) for the tensor charges
have been used.
As already discussed above, for the singlet, isoscalar,
u+d
axial and tensor nucleon charges gu+d
and gTu+d
s , gA
dis-connected quark loops are required. In refs [53, 68,
66, 102, 103] we have undertaken a dedicated effort to
compute these dis-connected contributions, employing
a statistics of 150,000 measurements, going thus far beyond state of the art.
The axial and tensor nucleon charges can be extracted
to a much better accuracy than the scalar ones such that
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they serve as benchmark quantities for hadron structure calculations on the lattice. In fig. 10 we give an
overview of the status of these computations, including
a simulation at the physical pion mass.
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In particular, we looked at the renormalization factor
of the one-derivative vector and axial-vector operators,
µν
µν
ZDV
and ZDA
. Since they can be classified in two repµµ
µµ
resentations we have to distinguish between ZDV
(ZDA
)
µ,ν
µ,ν
and ZDV
(ZDA
). The conversion factors from RI-MOM
scheme [104] to MS-scheme has been performed using
the results of ref. [105] for the local vector and axialvector operators. For the one-derivative operators the
results of ref. [106] were used. For the conversion to the
continuum at the commonly used renormalization scale
of (2 GeV)2 we employed perturbation theory at O(g4 ).
Our results for the renormalization factors can be found
in table 5.1.

ZV
ZA
µµ
ZDV
µ,ν
ZDV
µµ
ZDA
µ,ν
ZDA

β=1.95
0.625(2)
0.757(3)
1.019(4)
1.053(11)
1.086(3)
1.105(2)

β=2.10
0.664(1)
0.771(2)
1.048(5)
1.105(4)
1.112(5)
1.119(6)

Table 2: Renormalization constants in the chiral limit at β = 1.95 (corresponding to a lattice spacing of about 0.09fm) and β = 2.10 (corresponding to a lattice spacing of about 0.075fm) in the MS-scheme at
µ = 2 GeV.

5.2. Form factors
Figure 10: We present the nucleon isovector charges gA , gT and g s
and include also a comparison with the results of other collaborations.
While for all data the source sink separation is ∼ 1.1 − 1.2 fm for
the orange asterisk and cross for g s at mπ = 373 MeV and 130 MeV
respectively, the source-sink separation corresponds to ∼ 1.5 fm. The
stars indicate the experimental or phenomenological values.

As a general conclusion of the above discussed observables relevant for nucleon structure it is fair to say
that at the physical pion mass lattice results agree, or,
at least tend to agree with experiment and phenomenological evaluations. This provides a very promising perspective. It will be very important to now perform the
next steps, i.e. to go to larger volumes to quantify finite size effects and to reach smaller lattice spacings to
address lattice spacing artefacts.
5.1. Renormalization
As also reported in the contribution [20] we undertook a dedicated effort to perform a non-perturbative
renormalization which is needed for most of the operators relevant for the here discussed hadron structure.

Besides the moments discussed above, the baryon
form factors and their momentum Q2 dependence is of
great importance since also a number of experimental
measurements of these form factors have been and will
be further carried out. Here we will only show the
isovector electric and isovector magnetic form factors,
G E (Q2 ) and G M (Q2 ). For a more comprehensive discussion of also other form factors, see ref. [107]. In
figs. 11 and 12 we show results for these form factors
for pion masses of about 300 MeV. The simulation data
were obtained with N f = 2 + 1 + 1 flavours of quarks.
The solid line in both graphs represent the parametrization of ref. [108] of experimental data.
There are other collaborations which also compute these form factors, N f =2+1 domain wall
fermions [109], N f =2 Wilson improved clover
fermions [71] and a hybrid action [110] for a pion mass
of about 300 MeV. When we compare to these calculations, a good agreement for the form factors is found,
see ref. [107]. This indicates that the discrepancy for
the electric form factor is not due using a single action
but that this behaviour is more generic.
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In [107] we have also varied the pion mass between
370 MeV and 213 MeV. For decreasing pion mass a
trend to this description of the experimental data has
been found and for the magnetic form factor an agreement with the experimental results was seen for the
smallest pion mass of mπ = 213 MeV. For the electric
form factor there is, however, still a discrepancy even
at the smallest pion mass. Here a calculation directly
at the physical pion mass would be highly desirable in
order to see, whether this discrepancy will still remain.
Such a calculation is in progress.
The electromagnetic form factors can be fitted using simple dipole ansätze. From such fits the isovector anomalous magnetic moment and root mean square
(r.m.s.) radii can be determined. The anomalous magnetic moment is given by the Pauli form factor F2 (0).
In the non-relativistic limit the r.m.s. radius is related
to the slope of the form factor at zero momentum transfer. Therefore the r.m.s. radii can be obtained from the
values of the dipole masses by using
hri2 i = −

12
6 dFi (Q2 )
|Q2 =0 = 2 , i = 1, 2 .(30)
Fi (Q2 ) dQ2
mi

These radii again provide a puzzle since they come out
to be generally too small when compared to the experimental measurements, see [107]. Thus, the nucleon
radii constitute another challenge for lattice QCD calculations and presumably only the simulations at the physical pion mass will finally resolve this puzzle.

12

Figure 12: The Q2 -dependence of the magnetic form factor G M (Q2 ).
For the notation see caption of fig. 11.

tion how much of the spin of the proton is carried by the
quarks. In particular, from the moments A20 and B20 one
can extract Jq and from gA the intrinsic spin Σ. Experimentally it is stated that the quarks actually carry only
a small fraction [111]. Our understanding today is that
it is required to take into account the non-perturbative
structure of the proton [112] and lattice QCD calculations are mandatory. First results concerning the proton spin have been obtained, see [107] but the so far required chiral extrapolation for this case is very difficult.
However, with the prospect of computing observables
relevant for the proton spin at the physical pion mass a
very promising perspective is given to obtain the necessary non-perturbative information from lattice QCD
computations.
6. Conclusion and outlook
The results presented above are the basic quantities
for exploring the strucure of hadrons on the lattice, leading to a better understanding of quantum chromodynamics and providing hints for physics beyond the standard model. There are, however, also new approaches
that we started within this project and we would like to
mention a few of these new, promising directions.

Figure 11: The Q2 -dependence of G E (Q2 ). We show results for
N f =2+1+1 (filled blue squares) and N f =2 [52] (filled red circles) for
a pion mass of about 300MeV. We also show results with N f =2+1
domain wall fermions at mπ = 297 MeV (crosses) [109], with a hybrid action with N f =2+1 staggered sea and DWF at mπ = 293 MeV
(open orange circles) [110], and N f =2 clover at mπ = 290 MeV (asterisks) [71]. The solid line the parametrization of the experimental
data of ref. [108] from a number of experiments as given in Ref. [108].

As another important quantity that can be derived
from the form factors is the proton spin, i.e. the ques-

6.1. Gluon moment
A very interesting but extremely difficult to obtain
quantity is the first moment of the gluon distribution
function, hxig . In fact, only a very small number
of computations on the lattice are available which are
furthermore performed in the quenched approximation
[113, 114]. In ref. [115] we started for the first time a
calculation of the gluon moment with active up, down,
strange and charm quarks.
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For computing the gluon moment the gluon operator

ts = 10
ts = 11
ts = 12

0.4

(31)

is needed and we have chosen in particular
1
(B)N(p)N(p) = mN hxig , B = O44 − O j j .
3

0.2

(32)

From this operator and appropriate ratios of 3-point and
2-point functions the desired matrix element can be determined.
We used two different methods to extract the matrix
elements. The first is, following [113], the FeynmanHellman theorem [116] which turned out to be rather
difficult, however. The reason is that it has been hard
to determine a linear regime of the hadron mass dependence of the gluon matrix element which is required to
extract from the slope the first gluon moment.
The second method was a direct computation of the
matrix element. Here, a naive approach is almost hopeless, since this matrix element shows a very large noiseto-signal ratio. A solution of the problem is to use
HYP smearing [117] for the links in the gluon operator as suggested in [118]. When applying five levels of
HYP smearing, using the parameters of [117], we found
a significant reduction of the noise-to-signal ratio with
increasing number of HYP smearing steps. We have
computed the gluon matrix element for three different
source-sink separations finding that a plateau is developing, see fig. 13 such that a value of the bare gluon matrix element can be extracted, a result which is clearly
promising.
Presently, we are computing in lattice perturbation
theory the complicated renormalization of the gluon operator which demands the calculation of a 2 ⊗ 2 renormalization constant matrix due to the mixing with the
singlet quark operator. We expect that when this calculation is finished we can provide for the first time an
estimate of the first gluon moment in the nucleon in the
near future.
6.2. Parton distribution function on the lattice
In this contribution we have discussed moments of
PDFs or the Q2 dependence of nucleon form factors.
These quantities are naturally available from lattice
QCD computations which are performed in Euclidean
time and avoid the problem of going to the light cone.
However, there is a new development put forward in
ref. [119] which may open a way to determine the PDFs
directly on the lattice. In fact, the method has been explored in [120] and first promising results have been
found. We have performed also a first analysis of the

0

B̃

Oµν = −trcGµρGνρ .

−0.2

−0.4
0

2

4

6

8

10

12

operator insertion τ
Figure 13: We present the gluon matrix element for a HYP-smeared
gluon operator in the nucleon three different source-sink separations.
The figure demonstrates that a plateau is developing from which a
bare gluon matrix element can be extracted.

approach of [119] using our setup of maximally twisted
mass fermions with N f = 2 + 1 + 1 flavours of active
quarks.
We refer to ref. [121] for details of our work and mention here only that the method consists of boosting the
nucleon on the lattice by providing a momentum in a
given direction. In order to render the corresponding operator gauge invariant, a parallel transporter in the direction of the boost is inserted between quark fields. The
so defined matrix elements can be related to the PDFs
one is actually interested in. To this end, a perturbative
matching needs to be performed [122] possibly with target mass corrections [123].
We have already performed a calculation of the lattice
matrix elements that needs to be matched to obtain the
desired PDFs, see [121]. We have also worked out the
matching factor and have the expressions for the target
mass corrections. Of course, the approach of computing the PDFs directly leave open a number of questions.
One severe aspect is the renormalization of the lattice
operator. Another question is, to what momenta one has
to go to safely neglect higher order effects in the matching. Despite all these difficulties it is, however, most
fascinating that it might be possible to compute PDFs
directly on the lattice, an enterprise the lattice community is waiting for since many years.
6.3. Neutron electric dipole moment
As a last topic for a most promising extension of the
work presented here, we want to mention the neutron
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electric dipole moment (nEDM). This dipole moment is
related to the phenomenon of CP-violation and is predicted to be very small in the standard model. However,
when looking at models beyond the standard model, the
neutron electric dipole moment can be much larger and
hence having a solid prediction for the dipole moment
from first principles lattice QCD calculations is highly
desirable. In refs. [124, 125] the CP violating operators
have been classified and the mixing and renormalization have been discussed. One important ingredient in
the calculation of the neutron electric dipole moment is
the knowledge of the topological charge, see [126, 127]
for a recent comparison of different topological charge
definitions.
Our collaboration has setup all ingredients for a computation of the neutron electric dipole moment with
maximally twisted mass fermions. At the moment we
are performing test runs but we expect to have results
for the dipole moment in the near future. Clearly, without the preparatory work on hadron structure described
in this proceedings such a calculation would not have
been possible.
6.4. Summary
In this contribution we have demonstrated that nowadays lattice QCD simulations for exploring the masses
and the structure of hadrons can be performed at the
physical value of the pion mass. This breakthrough that
which has been achieved in this project shows a promising tendency that at the physical point older discrepancies between lattice results and those from experiment
or phenomenology can be resolved.
Performing further improvements to quantify the systematic effects of a finite volume and a non-zero lattice
spacing together with a better analysis of excited state
and dis-connected quark loop contributions will put lattice QCD in a unique position to reveal the structure
of hadrons and, in case of significant discrepancies, to
point to physics beyond the standard model.
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